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PREFACE. 


In compiling this work the Author has read nearly all the 
best writers on the subject,—Bourpon, Hymerrs, O’Britn, 
Satmon, Younc, and Wootnovse, all containing valuable 
information. 

In an elementary treatise like the present, it is impossible 
to go into the subject in such a manner as O’Brien and 
Satmon have done in their able and cxtensive works; yet it is 
to be hoped that the student will find this work an useful 
introduction to the more elaborate writings of those two emi- 
nent mathematicians, as well as to contain almost, if not all, 
the properties of the Conic Sections most in use. 

Mr. Gompertz, one of the most eminent of our English 
mathematicians, has just published a valuable tract on 
Porisms, which he calls ‘‘ Hints on Porisms, in a Letter to 
T. S. Davies, Esa.,’F.R.S., F.S.A.,” and in which he solves 
the following beautiful problem-connected with the subject 
before us :—‘‘ A circle and a parabola cutting each other being 
given in position and magnitude, to find the points of inter- 
section.” 

It is announced that Professor Davizs is about to publish 
a treatise on this subject himself. This will be a work which 
those interested in Porisms will look forward to with the 
greatest interest, as Mr. Davies is undoubtedly inferior to 
no living geometer on these subjects. 

The student will find many examples fully worked out in 
this treatise, to some of which there are no figures given, but 
so clearly indicated as to give little trouble in forming them. 
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Section J.—Strraicut LIne. 


(1.) THE position of a point in a plane surface is de- 
termined by referring it to what are termed its axes of 
co-ordinates, as follows :— 


Let there be taken in a plane 


¥ 
two indefinite right lines AY, AX, 
inclined to one another at a given P 
angle YAX. Now, if a point P be 
taken in the plane, it is evident 

that if PN, a line parallel to AY, / 
be drawn, the position of the point “-- - 

P will be determined if AN and PN “ : 
be given, since no other than one 

point can fulfil the conditions required by the relation of 
AN and PN. Now, AN and NP are termed the co-ordinates 
of the point P, AY and AX are called respectively the axis 
of ordinates and the axis of abscisss, and from their relation 
to one another co-ordinatal axes. And since in using the 
co-ordinates of a point the abscissa is usually denoted by 2, 
and the ordinate by y, AY and AX are respectively termed 
the axis of y and the axis of 2. The point A is termed the 
origin. In general the co-ordinate axes are taken perpen- 
dicular to one another; they are then called rectangular axes, 
and the co-ordinates are termed rectangular co-ordinates. 


x 


(2.) We have said that a point P was determined by the 
co-ordinates AN and NP. This is not strictly true, for the 


B 
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conditions imposed by the magnitude of the co-ordinates 
would be fulfilled also by another point, as shall be shewn. 


(8.) Produce the axes of AY and AX, as in the figure, so 
that the plane surface may be por- 
tioned out into four quarters. Now, 


suppose it is required to locate the P 
point whose co-ordinates are a and 

b. Let AN=a, NP =); then Px, x 
is one point fulfilling the required 

conditions. But AN, may be also . 


taken =a, and N,P,= 6,N,P,=), 
NP,=5, and we shall therefore have 
four points equally satisfying the original condition, viz., that 
the co-ordinates should be a and b. But it is evident that if 
such ambiguity attend our determination of the position 
of a point, there will often arise inconvenience. This defect 
algebraic geometry supplies in the following manner: —~ 
A being the origin, AN is equal to +a, NP=+b. But 
the abscissa of a point situated on the axis of y, is =0; so 
that at the termination of the first quarter of space the 
abscissa is = 0. And, similarly, a line measured in the 
direction AN,, which is equal in magnitude to AN, must be 
analytically expressed by —(a), to show that we have passed 
the limit of the jirst quarter, and come into the second 
quarter of space. In a similar manner, it will be easy to 
conclude that, if the ordinates be measured below the axis 
of aw, they must likewise be affected with a different sign. 
The studeut should compare this with the change of sign in 
sin 6, cos @, tan 6, &c., in passing through the four quadrants. 





(4.) It is evident that, conformable to these remarks, we 
shall have the following results :— 


- 4 determine the point P 


+ b 
— a 

—a 
ees 4 Cot oeeeteeseccesseeneeees P, 
+a 
a 


CORoeR eee eReeeenererieos P,. 
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We thus see that the position of a point is determined by 
means of its co-ordinates. 


(5.) To complete the theory of points, we shall now proceed 
to determine an analytical expression for the distance be- 
tween two given points. 

To find the distance between two given points referred 
to rectangular axes. 

Let the co-ordinates of M and M’ =(a’y’), (2”y’”), and 
let M’M =D be the distance; draw M’R parallel to the 
axis of 2, then in the right-angled triangle M’ RM, 


we have MM”? = MR? + M’R?, 
but MR= MP—RP=/y —y’, MR= PP =v — 2”, 
o MM? =D? = (xy —y’) + (a — 2’), 


DEV —/f + @ 2" 


This formula is general, and holds equally in the case 
where the points are situated in an opposite direction; with 
respect to one of the axes, it is only necessary to change the 
sign which corresponds to the change of position. 

Thus, for example, to obtain the distance of two points, 
one of which, M, is in the angle YAX, and the other, M’, is 
in the angle YAX’, we must change the sign of a”, which 
gives 


* If the angle MM’R, or the angle which the right line MM makes with 
the axis of x = a, we have ak =tane; but MR = 7’ — 7”, and 
MWR & x! — 2", : 

y — as? 
776 
x—- 


o's tan @ = 


BAR 
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Da=JSY Ft @ +a, 





for M’M? = MR® + M’R’, and MR=y’' — y’, as before, 
but M’R=AP + AP’ =2@ + 2", 
Da/(Y—y Pt aerey. 


If one of the points M be at the origin, then 2’ = 0, 
x’ = 0, and the above becomes 


D=/f/y+ x. 


When the axes are oblique, the triangle MM’R is oblique; 
then, by Hann's Trigonometry, page 56, 





M’M? = MR? + M’R? — 2MR.M’R cos MRM’; 


but MR = 9 — 7’; MR =2 —z”; and cos MRM’ =— 
cos MRK =— cos ( being the angle MRK, which is the 
same as the angle that the axes make with each other), 


DS (yy + (ea + 2 (yy) (ae — 2”) 0088, 


or D = o/ (oy — y+ (— 2") + 2 y'—y”) (@ — 2”) c08 B. 
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Section ITI. 


(6.) Curves are divided into orders or degrees corre- 
sponding to the sum of the exponents of # and y, and the 
term which contains the highest sum of exponents shows 
the order of the curve. Thus, y=2#-+ a is an equation of 
the first degree; > +ay+0=0, Y—#+ry—c’?=), 
are equations of the second degree; and y? + 2 + ay + 
cay + bry+ca+fy+d is an equation of the third 
degree. 


Equation of the first degree. 


(7.) The general form of this equation is Az + By + 
C=(0, the constants A, B, C, being either positive or negative. 
‘ ‘ A C 
This equation may be put under the form y et Goals 

C 


; A 
or y=ma+h LS = 


m and h being unrestricted as to sign. 
. So that we have two forms of the equation of the first degree, 


Az+By+C=0...(1), or y=mae+h... (2), 
both equally general. 
(8.) To find the equation to a straight line. 





Referring tho line to the rectangular axes AX and AY, 
let AN=a2, PN=y, AB=h. 
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P’ Dp’ 
e e e | : _ aa e 
By similar triangles aD EDT constant ratio, 
PN — DN PN — AB ? 
r——_--_ §s== —-——— —- —= 
aD ae a constant ratio, 
y—h 
rie a constant quantity ; 
PD — h ° 
but — = y = tan PBD = tan PCX, which call m, 
BD x 
y—h 
and we have em, 


y—h=mze, ory=me2z-+h, the equation to the straight 
line. 


. ; .. ED ve 
(9.) For oblique co-ordinates, the ratio Bp 3 constant, 


as before, but in this case we have 
PD _ sin PBD _ sin PCX 





If YAX, the inclination of the axes, = @, and PCX, the 
angle which the line PC makes with the axis of x, = «, the 
above becomes 


™ 


gin a 


= sin (B =e a) 


< 
Sls 
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(10.) To determine the equa- 
tion to a right line in terms of 
the intercepts on the axes *. 


The general equation to a 
right line is Av+ By +C=0, 


lei AG =aand AH=J; 
when az =0, By +C=0, 


; or AH = a 
wy mann 
when y =0, At +C=(0, 


C 
*'. gorAG=— —. 
A 





Divide the general equation 
by C, 


ae B 1 

C +—-yt ors b 

J B 1 1 
i AG mee AH 0b’ 


or ~ +. ‘ = 1; this 1s the equation to HG, which cuts off the 
intercepts AH and AG, which are positive ; 


* The equation to the line G’H is evidently 
y= +t+meth. 

The equation to the line H’G, cutting the axis of Y below the origin, is 
y=mnze—h, 

The equation to HG, having m negative, is 
y=—me+th. 


The equation to the line GH’, which cuts the axis of x to the left of the 
origin, and the axis of y below it, having both m and h negative, is 


yz —me—h. 
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=] is the equation to the line GH’, which cuts off 
a 


€ positive intercept on the axis of 2, and a negative intercept 
on the axis of y; 


xz, : : : 
oo = is the equation to the line HG’, which cuts off a 


negative intercept on the axis of a, and a positive intercept 
on the axis of 7; 


~ ai — — 1 is the equation G’H’, 
(11.) Let the angle Y 
PAG=a, AG=@, 
AH =b, 


the intercepts of the axes, and 
let p = perpendicular AP, 


a@cosa=p, -. a= P ’ 
COS a 





bcos(90—a) =p, |e a SEE OPO 


these substituted in the equation + - =], 
give FCOSa + Y Sina = p. 


(12.) Find the equation to a straight line passing through 
a given point. 

Let zy be the co-ordinates of the given point; then, as 
the general equation for every point in the line is 


Y= MB A Ie crscevccescescccveeee (1)3 
therefore, at the given point, 
¥Y¥=me +h, 
khz=y—me ..... sescceecescoeees (a) 
Substitute this value of h in (1), and we have 
y—y =m(e—2’), or y=m(ae—v)+y, 
or y=me+y —me; 
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we have here determined h, but having no other given con- 
dition we cannot determine m, which, therefore, remains 
indeterminate, as it ought, for any number of lines may be 
drawn through one point. 


(18.) To find the equation to a line passing through two 
given points. 

Let M and M’ be the two given points whose co-ordinates 
are 2’, y’, and 2”, y”. 

The equation will be of the form, - 


Y MD A Me crcccccvcssccveveees (1), 

and since each of the points M and M’ is in the line, 
SSG HN otis alencanemtassads (2), 
ie ee oe eee rer ree (3) 


Subtract (5) from (2), and we have, 





y —y’ =m(a — x"), eM 


Substituting this value in equation (2), 


a suen Pig fl — Jf 
hay—Cot ag et 


ae a’ a’ ae a’ 
these values of m and h, substituted in equation (1) give, 


1 a cvccee 








for the required equation. 
Or thus :—subtract (2) from (1), and we have, 


y—y =m(«— 2), 
an equation which still contains the unknown quantity m. 
Subtracting (3) from (2) we obtain, 
¥—y =m (ae — 2”), 
y—y' 
a’ — x 





n= 
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The value of m substituted in the preceding equation gives 


y— -y=54 Li @ad By asenrous (5), 


an equation which contains only given quantities. 


The identity of the equations (4) and (5) may be easily 
shewn: we find, from eee (5), 


—y y—y / 








f= =y +2 4% ee CS ee 
which by reduction becomes, 
== s ay" aoe y 2” 
Yr ca a . x + a’ eae a’ 


The second method is evidently much more simple and 
elegant than the first. 


(14.) To draw through a given point a right line parallel 
to a line giv en in position. 

Let 2’, y’ be the co-ordinates of the point M, through which 
we can draw a line DH parallel to a given right line BL. 

The equation of the first right line being 


y=mae+ Vi) wavsedwaceceeuses (1), 
that of the required line will be of the form 
ymca tH oc. geese saue-(2), 


m’ and h’ being the two constants which we must determine. 
Since DH passes through the point M, the equation is 


Subtracting (2) from (3), we have i —y=m (w— 2x); 
and because the lines are parallel, m’ = m, 


.y—y=m(“e— 2), 


which is the equation of the required line, and it differs only 
from the above equation by the ordinate at the origin, which 
is in this case y’ — ma, 
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(15.) Two right lines being given to find their point of 
intersection and also their angle of intersection. 


cae as —— wi be the equations to the two lines. 
y=mae+h 
At the point of intersection the co-ordinates are the same 


for both lines; hence, at this point, 
meth=mae+h’ 


m2—me2=h —h 


h—h’. 
t= > , 
mm — MN 





this substituted in the first equation gives 
/ — mh’ 


ee ay 
=m. t or Y= ’ 
y m — mM . Y m’ — am 





, , 
mh — mh ‘ 
, are the co-ordinates 


m — 


h—Wh’ 
therefore 7 = — y= 

m —m 

of the point of intersection. 
h—h’ m(h —h’ ; 
If m’ =m, we have # = : : ,yY= ae that is, 
these values are infinite, as they ought to be, as the lines are 
@ 








parallel. 
To find the angle of intersection. See figure, page 13. 
Taking the axes rectangular and putting V for the angle 
of intersection ; in the triangle EMG, 
MGX = EMG + MEG, 
.. EMG, or V = MGX — MEG = a’ — a, 


a’ and « being the angles that the two right lines form with 
the axis of z| Then by Hann’s Trigonometry, p. 31, we have 
tan a’ — tane 
pee aes (1), 


’—a), or tanV = 
tan (« @) 00 tin 1 + tan e’ tan a 


and since the axes are rectangular, tan a’ =’, and tana=m, 


/ 
‘mys 
1 + mm 
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When the axes are oblique, we have 
sin a’ ’ sin « 
—_—-—_—- =n ———_—— = MN. 
sin (8 — a’) "sin (6 — «) 
From the second relation, 
sina = msin(B — a), or 


sin @ = m sin 8 cosa — m Sina cos B. 


Dividing by cos «, 
tana = msin# — m tana cos f, 
msing 
re tan a — oOo ooo 
1 + mcos 8 


Ia the same manner, 
m’ sin B 


tan e’ = ——_______ - 
1 + mm’ cos B’” 


substituting these in (1) we have, 


m’ sin 8 msinB 
1 +- m’ cosB 1 + mcosB 
tan V = Ee —) 
mm’ sin* B 


oan (1 + m’ cos )(1 + mcos 8) 


reducing and observing that sin? 8 + cos’@ = 1, 


(m’ — m) sin 8 


1+ mm’ + (m +m’) cos 6 eeorevscvseesence (3). 


tan V = 


If we suppose @ = 90, sinf = 1, and cos@ = 0, we have 


/ 
tan V = Ble dep as before ; 
1+mm 
l 
when V=90, 1+mm’=0, .. aa ro 


when the axes are oblique 1 + m.m’ + (m + m’)cosf = 0, 
1 + mcos pf 
m + cosPp 


» 4 
s 6 


ANALYTICAL GEOMETRY. 18 


(16.) The relation 1 + m.m’ =0 
can be shewn from the figure. 
The triangle EMG is right-angled 
at M; the two angles, MEG and 
MGE, are complements of each 
other, 


.. tan MGE = cot MEG 


1 
~ tan MEG 





but tan MGX, or m’ = — tan MGE, tan MEG = ™m, 


1 
mM =— + oF mm’ +1 = 0. 


(17.) From a given point to draw a perpendicular to a 
given line, and find the length of this perpendicular. 

Let BL be the given right line, and MG the perpendicular 
on BL, let 2 and y’ be the co-ordinates of the point M, and 
let the equation to the right line BL be 


y=maer+h eecce beveccccccvecce e (1), 


since the right Ime MG passes through the point 2’, 4’, its 
equation (12) will be of the form 


yf =m’ (a — 2’); 
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but since these lines are to be perpendicular to each other, 
we have mm’ + 1=0, or 


therefore, the preceding equation becomes 


y— yf =— (2-2) aie nee): 


This is the equation to the perpendicular MG. Now, to 
find an expression for the length of the perpendicular MH, 
we have 2’, y’, the co-ordinates of the point M; and if we 
can find those of the point H, we have only to substitute 
these four co-ordinates in the expression for the distance 
between the given pvints (art. 5), and we shall have the 
distance MH. 

As the point H is the intersection of BL and MG, we must 
eliminate xz, y by the equations (1) and (2); thus, we must 
find the values of #— 2’, y — y’, considered as unknown; in 
order to do this we must put equation (1) in the form 


YAY =M(H— AH) HY tm th wvccccceeee (3), 


Pee een er. ee Soseaion cosas canenenedves (a): 


m 


Subtract, and we have 


O=(m + —\(@—a/)—y + ma +h, 


* If we take the general equation Ax + By+C=0, then the equation 
to a right line perpendicular to it is A (y — 7') = B (« — x), for 
__A pe C 
y= B B’ 
C 


A 
o yome+h, am=— Pp’ and k= — Bp 
1 , 
substituting this value for m, y — y’ = — = (x — x’) becomes 


y—¥=Ze—2), or A(y— 7) = Be — 2’). 
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y—ma—h _ my! — ma’ — kh). 


a eee ee mae 1 


tL 
m + — 
m 


this value being substituted in (2), gives 


Substituting these values of w— a’, y—y’, in the ex- 
pression for D, we have, Ee P for the celeron 


eee Or a 
_ Smt yaome—hy — (y’—ma—h) / m1 
(me flC™~CC 
pu (y’ — m2 — h) 


J m +1 


(18.) The double sign may be thus explained: 9 represents 
the ordinate MP, and m2’ + h represents the ordinate NP of 
BL, corresponding to 2’ or AP; hence, 

MN = MP — PN = 7’ — ma’ —h. 

Now, this distance may be either positive or negative, 
that is, it may be either greater than nothing or less than 
nothing, according as the point M is above or below BL; for 
example, if the point was in M’, we should have 


M’N’ =N’P’ — WP’ = mae’ +h—y. 
When the point M is above the right line BL, in which 
ease y— ma —h> 0, we have 
‘ie! y¥—mae —h 
f/m + 1 
and if the point M is placed below the right line BL, then 
we have the condition ¥ — ma’ —h < 0, 


me th—y 


/ m+ +1 


* P= 


for the length MH. 


-P= 
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We can obtain both these results geometrically; in fact, 
MP and MH being respectively perpendicular to AP and BL, 
it follows that the angle NMH equals the angle BLX =a. 
Now, in the right-angled triangle NMH, we have 
MN _ MN 
seca \/i + tan 
but MN = MP — NP = 7/ — ma —h, and tane =m, 





MH = MNcose = 


= y — ma —h, 
/m +1 
If the point M was below BL, we should have 
WN = mz +h —y’, 
_ me +h—y 
= eee ie : 


.. MH 


ae 


(19.) If the point from which we wish to let fall the 
perpendiculars be at the origin, we have in this case a’ = 0, 
y’ = 0, then 


Paes 
met 1 


this result is positive or negative, according as the point B is 
above or below the origin. 


(20.) Through a given point to draw a straight line which 
shall make a given angle with a given straight line. 

Let the given line be represented by the equation 
y= maz +h, then, because the required line passes through 
the given point a’, y’, its equation will be of the form 
y—y =m (x— 2’), and since these right lines ought to 
form an angle whose tangent is t, we have (art. 15.) 


* This is sometimes given P = ti sl Re » which is found by 


J A? + B? 


: A 
putting — 7 for m, and — B for kh, 
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m’ — m m — m’ 
——__—. = t, or ——_—, = t 
1 +mm 1 +mm 


2ither of these equations expresses the tangent of the given 
ingle. 
We can comprehend these two expressions in one, thus 





m’ —m ame oe ee se ee m+t 
l+mm 7? ~° -l=mt 


this value substituted in the above equation for m’, gives the 
equation of the required line. 


mitt 
l>=mt 





Examples on the Straight Lane. 


1. The equation (2y + x) (83y — x) = 0 represents two 
straight lines inclined to one another at an angle of 135°. 
The equation is at once resolved into the two 


shpat 
and 38y—x2=0f’ 


Ot (1) stinks t= 5° 
1 
ANG (2) wrcccccreeee Y= 5 7 


ach of which represents a straight line passing through the 
origin, since # = 0, gives y = 0. 

Now, the coefficient of 2 is the tangent of the angle which 
the line makes with the axis of x. 

Hence, if 6, be the angle which (1) makes with axis, and 6, 


be the angle which (2) makes with the same, 


ee ee 


Colm %~ 


and tan 6, = 
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Now, if @ be the angle between the lines (1) and (2), 


>= 6, — 6,, 


1 1 4) 
spas tan 6, — tan 6, 2 8 6 ' 
? =] + tan 0, tan, ll 56 

1 — —.— = 
2 3 6 
“6 O= 138°. 


2. Find the equation to a straight line which bisects the 
angle between the lines 


Sy —Q2a=0...... (1), and 8y¥+4@7=12...... (2). 
Let (#, y) be any point in the required line; then, since 


this line bisects the angle between (1) and (2), the perpen- 
diculars from (#, y) on these must be equal. 


Substituting in the formula P = re Ic OL we get 
sf A? + B* 
the perpendicular on (1) 
_ a tat by 
J 4 + 25° 
4 = 
and that on (2) = Sete Nt Boat 
4/16 +9 
By? 4 ay—12. : ’ 
- oe = tt is equation required, 


i. (25 — 8 4/29) y — (10 + 44/29) @ + 124/29 = 0. 
But ,/29 = 5°38, .:. equation becomes 
8-86 y — B1°52a + 64:56 = 0. 
3. Find the angle between the lines whose equations are 


1+32+2y=0 
and ee eke aan: 


These equations become 
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herefore, if 6, be the angle which (1) makes with the axis of 
p, and 6, the angle which (2) makes with the same, 


tan 6, = — > and tan 6, =*, 
*, tan 6,. tan §, = — 1; 


hence the lines are at right angles to each other. 


4. Find the length of the perpendicular from the point 
ve = 38, y = 5, upon the line 7a — 8y = 9. 

The length of a perpendicular from a point #, y, upon the 
line Az + By + C = 0, is 


Az+ By +C 
Se +B 


In the present example z= 3, y=5, A=7, B=— 3, 
and C = — 9, 


_@1-15-9 8 


a AO ee / 58 


or, independently of the sign, the length of the perpendicular 


\/ 88 
5. The following equation represents two straight lines at 
right angles to each other. 
ay" — Say — 2t®— Y + ATH orcceeeee F(1), 
. Ry (y — 22) + w(y — 2a) — (y — 22) = 0, 
. (Qy+x—1)(y— 22) = 0. 
Hence, equation (1) is resolved into the two 


2¥y+x#—-1=0 
and y—22=0f' 


equals 
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which evidently represent two lines at right angles to each 
ther, for they are each equations of the first degree, and 
therefore represent straight lines; and since the coefficients 
of x divided by those of y in the two equations when mul- 
liplied together = — 1, the lines are at right angles to 
each other. 


6. In the figure to Euclid, book i. prop. 47, prove that the 
the lines FC, KB, and AL meet in one point. 
Take A for the origin, AG and AH for co-ordinate axes. 
Now, equation 
a y 





to FC is —~— —— = — l, 
AD T AG 
. 2 y 
and KB is —— —_ =—] 
to 18 rer eres ; 


and AD: AC:: FG: GC:: AB: AB + AC, 


ea en 
AB + AC’ AD AC - AB’ 
similarly, AE: AB:: HK: BH:: AC: AB + AC, 
AB.AC ] ] 1 

————-, and ——- = —— + —» 
AB + AC AE AC AB 

l 
AB 
Fr x 1 1 

and to KB eee a t¥(ast+am)=n-! 


.. AD 


” AE= 


1 y 
re qu i to F (= ) —_ = ’ 
equation to FC becomes x AG aa + AG a ] 


bats : x y 
.. for P their intersection —— — —~- = 
or int AG ah 0, 


AN AC a, ene 
._—=-—, .. ANP is similar to ABC, 
NP AB 
and .*. P is in AL, that is, the perpendicular from A on BC.— 


7. In the equation ay’ + bry + dy+ex2= 0, find the 
relations among the coefficients, that it may represent two 
straight lines. 
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The condition is, that the equation may be resolvable into 
vo factors of the first degree, and since we observe that if 
= 0, y= 0, and that the coefficient of «*? = 0, we assume 
1e equation to become 


(Az + By) (Cy + 1) =0, 
“ ACry+BCyY +Axn+ By = 0; 


'y comparing this with the original equation we get the relation 
mongst the coefficients—viz., 


a = BC 
b = AC 
d=B |’ 
e=aA 


. de =A.B.C = Cd is the relation required. 


8. ABCD is a parallelogram, AE 
ind ED parallelograms about its dia- 
meter CB. Show that the diagonals 
of these, viz., HF and GL, meet CB 
in the same point. 


Take E for the origin, EF and EL for co-ordinate axes. 
let HE =a, EF = 6, EL =a’, and EG=JV’. 


; x 
Then equation to HF is — — + Lave i; 


6b 
“ y a 
GL ees a’ aes 
d CB pee ae 
an eee eee =— b J= by? 


therefore, for intersection of CB and HF, 
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and for intersection of CB and GL, 


( 1 1 ) aa’ 
wz SS = 1, . @2A= ’ 
a a 





ab 


and y = ———; 





hence, HF and GL intersect CB in the same point. 


9. Prove that right lines 
drawn from the three angles of 
a triangle to the middle of the 
opposite sides intersect in the 
same point. 

Let the axis of z coincide 
with the base of the triangle, 
and the axis of y be AY, the 
axes being rectangular. We 
must now determine the equa- 
tions of the lines AF, BE, CD, but before we do this we 
must find the co-ordinates of the points A, B, C, D, E, F. 


Y C 





For the co-ordinates of the point A ... (y=0, «= 0). 


If AB =c, then the co-ordinates of ne de 
tie: Point, B: cvissceassies axes dccnesoaniecest \ (y= 0, =e). 


For the point: ©: asssicasedvaae nad Seaiesices (y= y’, ©£=2’). 
Now, as D, E, F, are in the middle of AB, AC, BC, we have 








AB ¢ CH ¥y a’ 
AD =—=-—-, EI =>=—=>~—, AI=>=— 
2 2 2 n 2 
rg = cH oo — BH We” 
eS ae a aa a 
, c—® ecec+2 
~ AGW = ? 
+ 2 2 


this gives the co-ordinates of the points. 


wo 
~’ 


D cccvvccccccorcecns (y =0, a= 
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E ( = o= =), 
Gkeaeseneunicen: y=, 
_¥ 2) 
EF ca cievescpeawess (y=4. “= 5} 


Since each of the lines AF, BE, CD, passes through two 
points, and the general equation to a right line through 


WO points is 


y—7 =4—L@-2), 


substituting for 2’, 7’, y”, x”, the corresponding values in 
‘he figure under consideration, we shall obtain y and 2 for 
2ach particular line. 

Since AF passes through the two points 





2 e+ 2 
ov 
its equation pe oe 
2 
Lae is th i 1); 
a ges ee cameton 104k aes (1); 


and, since BE passes through (0, c) (= , =) 





9 —4 
its equation is y— 0 = 7 (a —c), 
C— —. 
_. ¥ 
or ¥Y — = 9¢ oe 7 (x — c) CCR CCC eeCooE CROCE e (2). 


And since CD passes through (y’, x’) (0 = ), 
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ita equation is (y — y’) = —’— (2-2), 








ieee 
2 
ory =y +——*~—_(#-— #), 
=) 
2 
yo Et yaya 
y= 
c 
ae 
yc 
t—_— — 
ms 2 _¥ (Qx—0) (3); 
(7-2) e) oy Le ; 
t—— 
2 
and from these 2 = ~ as ae y=%, 


Or having the co-ordinates of AF, BE, CD, we may pro- 
ceed as follows :— 

Since AF passes through the origin, its equation is of 
the form y = az, and since it passes through the point 











(£, ad Bd ). we have the relation 
Q Q 
yo e+) y 
= Rn alia oe . 
Baap faites th 
.. the equation of AF is GE Las ieaet (1). 


The right line BE passing through the point B, or (c, 0) 
its equation is of the form y= a’(#—e«). In the équation 
y—y =a(z— #), we must put 0 for y’, and ce for 2’, 
and a for a’, but as this line passes through the point E, or 


y =) . yo (< ) ee eA a, 
(5) F)» we have oe 5 C), a=, 
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hence the equation to the line BE is 





ee 
sire RT, (Bm C) cccscvevesees we (2.) 
In the same manner for CD, 
ss gatos 
Y= On ag Ph 8) vaeweanans seve (3.) 


From equations (1) and (2), 
a ee a ae 
pee ee c), 
wy aw—2RQcey .«=cy.4—ey +2ay¥.4a—ca2’y, 
or by reduction, 
c + a 


3cy’ .2=cy(c+2’) a= ; 





, 


substitute this value in (1), and we have y = i. 


From equations (1) and (3) we have, 

y' ete aes 

c+ a’ Q2/ —c 

Qa’ y 2 —cy’ a= Qcy.a— cy + 2a’ y.2—ca’y, 
_ e+ oa. 
=e! 





(Qa — c) 


or 3cy. .z2@=cy(c+2’), .. @ 


Y. 


and, consequently, y = 
Vv 


Hence we see that the co-ordinates of the point of inter- 
section of the two right lines AF and BE are identical with 
those of the point of intersection of AF and CD; thus the 
three lines intersect in the same point. 

In reflecting upon the preceding analysis, it 1s easy to see 
that the procedure is the same whatever be the inclination 
of the axes. 

C 
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However, they become more simple when we take AB for 
the axis of 2, and take for the axis of ordinates a straight 
line AY parallel to CD, which we can do when the line CD 
is given in position. 

In that case, it is plain that the abscissa x’ of the point 


C = AD, or > where c= 22’, and the equations (1), (2), (8), 
will be as follows :— 


4 


. 4, 
the equation to the straight line AP, y = 35 x, 


, 


the equation of the straight line BE, y = — on (2 — 22’), 


the equation of the straight line CD, «= a’, 


(since the last line is parallel AY.) 
These things being premised, combining the last equation 
y’ ee ee 
with the first, there results y = a and combining it with 
the second, there results again y = Y 
Thus the co-ordinates of the point of intersection of CD, 
AE, and of CD, BE, are 


y’ CD 
c= a, =e 
ue ane 
This proves that. the choice of axcs influences the sim- 
plicity of calculation in resolving questions by Analytical 
Geometry. 


10. To prove that the perpendiculars drawn from the an- 
gular points of a triangle cut one another in the same point. 


* Since the line AF passes through the origin and makes an angle with 


axis of abscissee = tan—’ ie and since the line BE makes an angle with 


the same axis = tan— — re and cuts the axig at a distance 22 from 


the origin, its equation is y = — z (¢@ ~ 2.0’), 
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Referring to rectangular axes, since we have to consider 
the relation of perpendiculars , 
from two sides, take for the axis 
of abscisse the line AB, and for 
the axis of ordinates a line per- 
pendicular to AX, at A. 

Let c = AB, 2’, y’ the co- 
ordinates of the point C, we 
shall have for the equation of 
CD, « = 2’ (1), since it is pa- 
rallel to the axis of y. 

Having found the equations of AP and BE, we must com- 
mence to find that of the lines CB, AC, to which they are 
perpendicular. 

Since the line CB passes through two points (9’, x’), and 
(0, c) its equation is y — y’ =a(x — 2’), a haying for its 

/ 
value = - when we put 7 =0, a’ =c. 

That of the line AC passing through the origin is y= ma, 

td 








m being = 5, since the point C is on that line. 


Those things being done, as AF passes through the origin, 
it has an equation y=a’#; and, as it is perpendicular to 
CB, we deduce the equation aa’ + 1=0, where @ =— 


] ¢—2 ., ; : c— a’ 

= ———, since the equation of AF is y = ——— a. (2). 
a y J 

The line BE passing through the point B, where the co- 
ordinates are o, c, has for its equation y = m’ (# —c). 

But since it is perpendicular to AC, there results the 








relation mm’ + 1=0, where m’ = ——,.= ——- 


Lastly, therefore, the equation BE is 


y= =" GEC) Tosisgeissraciarin-( 9): 


Now, if we combine the equations (1) and (2), 
(c—a)a 





we find for 2 = 2’, y= 
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Combining the equations (1) and (3) for z = 2’, we get 


therefore, the co-ordinates of the point of intersection of CD, 
AF, are the same as those of the point of intersection of CD, 
BE; wherefore we conclude that these three lines cut one 
another in the same point. 


Section JII.—Circuz. 
Equation to the Circle. 


(21.) Let there be acircle having the radius 7, the centre of 
which is O. Let us refer to the 
axes AX, AY, then if a, B, be the 
co-ordinates of the centre 2, y, the 
co-ordinates of a point M, in the 
circumference, we shall have, evi- 
dently, 


(2 — a)? +(y — f)? =7?.(1). 


This relation (1) characterizes 
equally every point in the circum- _ 
ference, since M may be assumed 
anywhere. 

Let N be a point taken without 
or within the circumference, x and y being the co-ordinates 
of that point, we have 


(a — a)? + (¥ — B)® = ON?®,...cccsecceeee (2). 


But it is clear that ON > or < OM, accordingly as the 
point is on the exterior or interior of the circumference, 
whence there necessarily results 

(z— a)? + (y— 6) > or <7", 
as the point is without or within the circumference. 

Thus it is evident that the relation (1) does not hold, 
unless the point is on the circumference. 

The constants a, 8, r, are the co-ordinates of the centre of 
the circle, and the radius, whence the circle is completely 
determined when these constants are given. 





ANALYTICAL GEOMETRY. 209 


The general equation admits of modification according as 
we take the origin. 

Tf A, a point in the circumference, be taken as the origin, 
we have «a? + 6? =r". 

From the form (1) 


e—-Qaer+e + y?— By + P=’, 
. since (a + 6?) = 7°, 
we have 2? — 2axz + y? — 2Py = 0...... (3). 


If 0, the centre, be the origin, the equation is (since 
a and 8 = 0) 


r+yor Ceo eee eee nen sonestenreeeeeeser (4). 


If the origin be at A”, the extremity of the diameter 
which coincides with the axis of 2, we have 


. BY SR OTE sexs decavanateavescnseesees, (9): 


If in (3) we make y = 0, there results 2 — 2a” = 0, 
. @(@— 2a) =0, .. y =0 is satisfied by either # = 0 
or @ = 2a, which shows that x =0; y= 0 is placed on the 
circumference, as the value 0 of y corresponds to 7 = 2a 
as well as to x =0; it follows that the circumference cuts 
the axis of # at a second point, C, where A’C is double of 
A’D, therefore the chord A’C is cut into two equal parts by 
the perpendicular from the centre of the circle, a well-known 
geometrical property of the circle. 


Taking (5), y? = 2ra — 2 = 2 (2r — 2). 
Now, y=MR, «=A’R, 2r— a= GR, 
-- MR? = A”’R x GR, 
~ AYR: MR:: MR: GR; 


that is, the perpendicular let fall from a point in the circum- 
ference on a diameter, is a mean proportional between the 
two segments. The equation may be put y*?+ a =2ra, 
but if we draw the chord A”’M, 


MR? + A’ R? = A’M?, Q4 = A’G, w= AR, 
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therefore, A”’M? = A”’G.A’R, 
that is, AYG : A’M :: A”’M : A”R, 


which proves that the chord drawn from one of the ex- 
tremities of a diameter is a mean proportional between the 
diameter and a segment formed by the perpendicular let fall 
from the extremity of the chord on that diameter. 

This is another well-known geometrical theorem. 

The equation to the circle is much more complicated when 
the axes are oblique. 





We have for the equation to the circle referred to oblique 
axes (in the same way as at article 5), 


(@— a)’ + (y¥— P)? + 2(@ —«) (y ~— B)cosg =", 
where ¢ is the inclination of the axes. 


(22.) To determine the conditions which are to be fulfilled 
in order that two circumferences of circles may cut one an- 
other, or touch at a single point. 

Let oo’ be the centres of the two circles, rr’ their respective 
radii, and let oo’ = d, the distance between their centres. 

Take the line through the centres for the axis of x, and for 
the axis of y the perpendicular OY, on the point O. 

The circle, of which the radius is 7, will have for its 
equation 

ee ce ee rere © OF 


the other circle, the co-ordinates of its centre being o and d, 
has for its equation 


¥ + (a a d) — 7? PTT ETI TELE T Te (2). 
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These things being premised, to express where the two 
circumferences cut, and to obtain the points of intersection, 
we must eliminate x and y by combining (1) and (2). 

This gives 


= 


yet /idPoPor ay (4 
2d 7 (r r + ) eon eerersesecs \. 


We now can proceed to the discussion of the point proposed 
for consideration. 

If the quantity (4) under the radical sign is positive, in 
that case the values of # and y are real, and the circum- 
ferences have two common points. 

Proving that the two points of intersection are on the 
same abscissa, OP, having the two ordinates equal, but of 
opposite signs. 

Therefore, at every cutting of the two circles the line 
joining their centres 1s perpendicular to the common chord, 
and bisects it. 

Flowever, since y may be real or imaginary (2 being always 
real), we will transform the above expression. 


The quantity (4) under the radical is evidently 
=(Qdr+r4d*—r%)(Qdr—r—d*? +r?) 
={(r +d) — 7} fr? — (rd) 5} = 

(rt-re+d)(r—r+a)(r+7—d)(r—r-+ a), 
syeteyg J 0FP—aG PFD ed TD —r4 a); 


under that form, as the third factor r + 7’ + d, under the radi- 
cal sign, is necessarily positive, y will be real, according as 
the three other factors are positive, or one of the two posi- 
tive, and the other two negative. 

But this last circumstance cannot exist, since, if one of the 
three factors is negative, the other two are necessarily posi- 
tive. For example, suppose r 4-d—7 is <o, 
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ww ertd<enr, oo r<cer ad d< 7, 
.”—r+dand 7’ —d+~,r are positive, 


and, @ fortiori, the three factors cannot all be negative at 
once. 

Therefore, the only case is where the three factors are 
positive at once, and in that case y is real; that is to say, the 
two circles cut one another when the sum of each two of the 
quantities r, 7”, @is > the third. 

Now, if one of the three factors is (—), and the other two 
(+), in that case y is imaginary, and the point ts not a point 
of intersection. Therefore, the two circumferences have not 
a common point. 

But suppose that any one of the factors is = 0, it gives, 
therefore, y= +0, and the two cireumferences have only 
one common point, which is necessarily on the line joining 
the centres, where the ordinate is zero; therefore, two circles 
touch when the distance of the centres is equal to the sum 
or difference of the radii. 

Perhaps no example than this more strikingly shews the 
advantages resulting from the application of Algebra to 
Geometry. 


(23.) To find the equation to the tangent to a circle. 

Let us at first consider a line to pass through two points 
whose co-ordinates are (a, 7”), (2 y’’), the equation to this 
line is, by art. 13, 

/ 


yo — ‘ 
y— =, (e— 2) dances preeanee ally; 





and if we combine this with the two equations 


DP ae apigeileaedsoaeenwavesesedias Ce); 
De ORT sas ctopsenten sominaeuaeaiere CO ls 


these two latter equations hold because each point (2’, y’), 
(2, y’’), are in the circumference of the circle. 
Subtract (3) from (2), and we have 


ym yl? bf m0 vrcsseesrsseeseee (4)5 


but since the difference of the squares of any two quantities 
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is equal to the product of the sum and difference of the same 
quantities, we have 


(Pty) (YY A—Y) + (# 4+ 2”) (2 — 2”) = 0; 


yy a’ + a!” 
af gl y + y” 


If this value be substituted in (1) it becomes 


a, -} 
x+enx 
, , 4 
Ym 4 Sc _—_ eeoeooeo TC—X exe eteenee eee coe eee of. 
Y Y a , + yi | ) ( ) 
When the two points merge into one, the secant becomes a 
tangent, and we have 2’ = x”, and vy’ = y”, which gives 


/} 


a ° 9 
yY—-y = a (7 — x”), and 2? 4 y”* = 7". 


By means of these two equations we obtain the equation to 
the tangent ina more simple form. Clearing the former of 
fractions, we get 
vy” a rae’ =—27” ae yy”, or yy” ai re’=r ; 
r 


since by the latter, 2”? + 9”? =r? 


This latter form is easily re- Y 
membered, from its analogy to 
the equation of the circle. If 
in this latter form of the tan- 
gent we make y = 0), then #2” 
—r orz= 7 which is the ab- 


ty? 
v 


scissa OR of the point where the 
tangent meets the axis of 2’; 
also we have PR = OR — OP; 
or, 





This line PR is called the subtaugent, 
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Transformation of Co-ordinates. 


(24.) The most general problem of transformation is as fol- 
Jows*—an equation heme given x 
between wv and y, referred to 
any whatsoever axes, to find 
the equation when we pass to 
two new axes 

Let AY, AX, be two axes to 
which the enrve MM’'M” is re- 
ferred by means of some equa- 
tion F (avy) = 0; AUX’, AY, 
two new axes. 





Ler AP, PM =a, aud y. respectively, be the old co- 
ordmuates, and 2’, 7’, or AP’, PM’, the new ones. 

We scck now to express a’, y’, in terms of wy, y, or 
vice Versa, 

Let AX” and P’1 he drawn parallel to AX, A’Y”, and P’K 
parallel to AY produce A’Y” to B. 

Let AB=a, A B=), NAN’ =a, YAV'X" = 2’, and 
ON eae. 

a and 4 are known quantities, tle co ordinates of the new 
origin 

As to the angle ©, it is alwavs given (@ prior’), since it 18 
the anele whieh the old axes make with each other. 

We shall now proceed to eine the primerpal cases 


Con. 1) The most simple of all cases is that in which the 
two ue ares are parallel to the old ones; tht as to say. the 
axes continue me the same diuection, the orig alone being 
diulerent.  ‘Lhen, 


fx = a + a) antl 
eee ce 


AP ov c= AB + BP =a + AK 4+ P'H, 
PM or y= A’B + ML =0 + P’K + MU; 


thus, these being reduced, we can determine A’K, P’K, P’H, 
and MII. 
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But, in the triangles A’P’K, MP’H, we have, by Hann 
Trigonometry, page 56, 


(1.) A’K : A’P’:: sin A’P’K : sin A’KP’; 
or because A’/P’K = P’A’Y” = 6 — a, and 
A/KYP’ = A’LM = +r — MLX” = or — 6, 
: av’ sin(S — « 
A’K : 2’ ::sin(@ —a):siné, .. A’K = eases) 
sin € 
6 behind x’ SiN a 
(2.) P’K : A’P’:: P’A’K - sin A’KP’, «. P’K = ——— 
sin 6 
3.) PUL: MP’ -> sin P’MI : sin P’HM, 
or because P’MH = Y’A’Y” = (s — @’), and 


PUM = A’LM = 7 — 6, 





; ; — , : y sin(s — a’) 
PH «7 i sin(s --2’)- sing, .«. P’H =———— ; 
blll © 
: ; y sine’ 
(4.) MH: MP’:: sin MP’IT: sin P’HM, .. MH= = * es, 
blll o 


therefore, putting these values in the expressions for 2, 3 
we obtam 


wv sin(s — a) + y' sin(s — «’) 
tr -—-—-- a 


ang | 


. (2). 


bd 
slllo 


wsing + y sina’ 
SS 


: +t 
hllLo 

These are the formulas most general in the tranusformatio2 
of co-ordinates of which it 1s casiest to deduce particula 
corresponding formulas to all the positions of the new origin 
and to the different directions of the new axes with respect t 
the old ones, im giving to a, b, these suitable values, positay: 
or negative, and to the angles @ and e” all values fiom o 
up to z. 


2. To pass from a system of rectangular to a system o 
oblique axes. 
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In this case, let 6 = -, “.sinG =1, sin(¢ — a) = cosa, 


and sin(& — a’) = cos x’: consequently, we have 


w=2 cosa +7’ cose’ +a 
tA bd : ° Sf eeseseeeeeee (3). 
y=a'sina + 7 sinew + b 


3. To pass from one rectangular system to another. 


In that case, 6 = -, v= - + a, 


Q” 
sin6 = 1, sin(€ —«)= cosa, 


T T 
bs nd , — iy pe ee a ee — 7 
sin ($— a’) = sin (= - a) = — sina, 


sin a’ = sin (= + ) = COS a, 
ase eein ea (4) 
y=y cosa + 2’ sine + b eeteoneveaeveeons . 
This is a very useful transformation. 


4. To change from an oblique to a rectangular system. 


% 
Tn the general formula «’ ==> + 4, sina’ = cose, 
A 


° ‘ T 
sin (3 — a’) = sin(@ — 7 — a) =— cos (2 — 2), 
wv sin(s —a)—y' cos(€ —a 
ee Gs sab epee Accel as ) a 
Sl © ( ) 
eee 7) ® 
x’ sin a soe Aga 
er sin@ 


If the angle « be negative, then its sine will be negative, 
but the cosine will remain positive; we have the following 
modification, which will be found useful ; 

az sina’ — y' cosa’ 

“t= Eee PR, ye 
sin (a _ a) 
, a ee¢eeeeoeoeeese (6). 
y cosa — 2’ sina 
sin (a’ — a) 
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Section ]V.—PARABOLA. 


(25.) If there be taken the fixed line VF, and a fixed point 
S, then if SP = VP, the perpendicular distance of P from the 
line VF, the locus of P, is the parabola. P 
Through S draw the perpendicular LS, : 
and bisect it in A, then it is evident 
that A is a point in the curve. 

To find the equation to the parabola. 
Referring to rectangular co-ordinates, 
let A be the origin, AN=w, NP=y, 
LA =AS=@; 


then VP = LN = SP, 
LIN =(¢+apvruaV’P=7+4+ (w#—a)’, «. y =4az. 


If S be the origin, then it is evident that y? =4a(a# +a), 
for in that case SN = a. 

If L be. the origin, then y*? =4a(#—a), since LN is 
then = 2. 


Polar E’quations. 
If S be the pole, ASP = 4, 
then 7 =SP = LN = 2a— 2recos@, .. 





F 


= 2a 
~~ 1+ cosd’ 


(Hann's Trigonometry, page 27.) 





or = 
sin? — 
Y 


It is evident that since 4a may be made to equal any constant 
quantity, the equation to the parabola may be written y° = pa. 
If =a, then the corresponding value of y is 2a, there- 
fore the double ordinate through the point is =4a. This 
double ordinate is gencrally termed the parameter, or latus 
rectum. 


PROPERTIES OF THE PARABOLA. 
Properties deduced from the Tangent. 
(26.) The equation to a straight line passing through 
(y’; 2’), (y”, a’), is 
, , 
Meath 
¥y = y — (x roars x’) eoeoreerecerere (1), 


a’ as a’ 
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and by the property of the parabola 
Uf? AOR. Gebsmacwatascenineseeile ); 
G1 SS AY hecsnitisasmengeercaensea (ot 
therefore, subtracting (8) from (2), 
(St) (Y —y) = Aa’ — 2”), 
w—y _ da 
wee a ty” 
hence, by substituting (1), becomes 


La 
? v7 (x — x”). 
vry 
Now, let the points (4’, 7’), («”, 4’), approach indefinitely 
near to ove another, then the secant joining these two points 
becomes a tangent. and its equation 15 


yy = 


,_ wa ' 
yy = fe) bah bue deo besa (4). 


This equation may be put under a different form for mul- 
tiplying by y’ and transposing, 
YY = 2ax— ax +7” 

= Varn — Qav’ + lar’ 

ee ee ee (5), 
an equation clusely analogous 1o the equation of the curve, 
and only differing from it in this, that y’ and 2w are replaced 
by yy’ aud (2 + 2’). aie 





In the annexed figure, suppose P to be a point in the 
curve AN=«cz, NP=y, PT a tangent to the curve at P, 
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cutting the axis of vat T. Then NT is called the subtangent, 
and if PK, perpendicular to PT, be drawn cutting the axis 
of w at K, PK is termed a normal, NK the subrormal. 

Now, from (5), when y= 0, x=—a2’, therefore, NT =2z2’, 
therefore, the subtangent is eqnal to twice the abscissa, a very 
useful aud important property. 

Since the normal is at right angles to the tangent from (4), 

— 7 


, 

y 4 e ° 

—— (a — wv’) is the equation to the normal. 
we 





(6) yy = 


To find an expression fur the length of the subnormal NK, 
put y= in (6), .«. @— a’ = 2a=NK, a constant 


length of tangent is ,/ NP? + NT’ = 2 Ja vw + x, (7), 
Sige dey: See = ere 
length of normal is y° NP* + NK? = 2 S au’ +a, (&). 
We now proceed to the investigation of some properties of 
1 8 
the parabola. 
When w’ =a, that is, when the tangent passes through 
the extremity of the parameter, the tangent and normal are 
equa}, and also the subtangent and subnormal, 


cquation of tangent is then y — 2a = (r—a), 
ya (ae +a). 
Therefore, any ordinate to the focal taneent = rad. vector 
of the pomt where the ordinate cuts the curve, so that the 
focal tangent cuts off from the tangent through the vertex 


apart equal to the distance of the vertex from the focus. 
Draw the lime HP perpendicular upon the directy1x. 


Then SsP=HP=DN=Ts, and HTSP is a parallelogram, 








pi HP? + PT’ —sT’ PT? PT’ 
COS T= ———- -——- Se > : 
OP. PT 2-HP: PT 2SP PT 
rT 
~ 2SP- 


The triangle HPS being isosceles, P'E bisects the angle 
HPs, and it also bisects Hs at right angles in Q; the point Q 
is always on the axis of ordmates ; 


“-. 4UPT = Z4 SPT, 
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therefore, the tangent at any point bisects the angle made by 
two straight lines, one drawn to the focus, and the other 
perpendicular to the directrix. 


ST=AS + AT =—=a42, 
SK =SN+ NK >a@a@—a+ 2a4=>2+4, 
.. ST = SK, but ST = SP, 
.. SP = ST = SK, 


From P draw PX’ parallel to the axis 
T’PX’ = PTS = SPT, 
KPX’ = SPK. 


The radius vector and the diameter at the point of contact 
are equally inclined to the tangent. 

These are some of the principal parabolic properties, others 
will be referred to afterwards. 


(27.) The focus S and any 
point P being joined, and acircle 
described on SP as diameter, 
this circle shall touch the axis 
AY. é 


Through P draw a tangent 
cutting axis of (y)in Y; through 
Y draw YC perpendicular to AY, 
then from equation to tangent 


yy =2a(x+ 2), 


and equation to AY, «=0, 





we find AY =y= ada awe 
y 2 
(since 2’y’ is a point in parabola), 
PN 
. BC= Q” “. SC = CP, 


or C is the centre of circle, and CY =CP, for the angle 
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CPY = the angle CYP; but CY is perpendicular to AY, there- 
fore the circle touches AY. 


(28.) Any chord Pp is drawn through S, the focus to a 
parabola; shew that 


4SP.Sp = L(SP + Sp), 
L being the (latus rectum), 
SP = AN + AS, 
Sp = An + AS; 





and SP: Sp::SN: nS 
:: (AN — AS) : (AS — An) 
:: (SP — 2AS) : (QAS — Sp), 
, SP (2QAS — Sp) = Sp (SP — 2AS), 
“. 28P.Sp = 2AS (SP + Sp). 
But 4AS = BB’ = L, 
“. 4SP.Sp = L.(SP + Sp). 


(29.) In a plane triangle ABC, if tan A ton = = 2, and 


AB be fixed, the locus of C is a 
parabola vertex A and focus B. C 
Take A for the pole, AB the 
initial line, AC=~r. Find O, the 
centre of inscribed circle, and join 
OA, OB, OC, and draw perpen- 
diculars OP, OQ, to the sides of 
triangle. A Q B 


A C 
Now, 7 = AP + PC = OP joot o -+- cot a 


A + By 
Qf 





A 
= OP {oot 2 + tan 
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B 
and OP = 0Q = QB tan a = (AB — AQ) tan - 


A B 
= (ab — OQ cot ) tan oa 


A BS B 
., 09 ( 1 + cot > tan =) = AB tan => 


ad 





“) 
“~ ¢ 


B 
AB ta 
* (OF =} 00 2. es 
Q 7 A B 
+ cot > tan a 
B A B 
AB tan ay tan ns + tan = 
ee een cot — Lee ee eee 
A a A B 
1 + cot = To, | 1 — tan > tan 
B A A 
AB tan — cot — + tan — 
2 2 2 
noi espoe ane 1 t 4 B | 
— tan — — tan — tan — 
ps & ~ as 


B 
But tan A. tan — = 2, 


yy) 
1 — tan’ a 
tan — = , 
A 
tan — 
2 
1 — tan? — 
B 
tan — cot — = ; 
ne oA 
tan 2 
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oA 
1 — tan’ — 
1 rata - ] : seo 
. | + co 9 a + “A 5} 
tan~ -- 
po 


A B JA A 
and 1 — tan -> tan -— = 1l— (1 — tan? ) = tan? 


Q 
A 
1 — tan’ — 
ae r 2 A ' A 
-radA = (cot 5 + m=), 
tan — 
JA >A 
= AB(1 — tan =) (3 + cot? — ) 
Geass A 0 
= AB 


1+ cosA 1 —cosA’ 


Putting for AB (c), and fur A.(¢), we get 


de.eos § 4c.cos 6 
—_ = 


S eeniomeeedl a meee ear ae a | 
J} — cos: 6 sin- § 





which is the equation to a parabola vertex A and focus B. 


Section V.—EL.ipsr. 


(30) An ellipse is a curve in which, if P be any point, 
SP -+ PH is a constant quantity, S and H being two fixed 
points. 

Bisect 8, WH in D, draw a perpendicular through D, and 
make DB=DA=a. With centre s, or H, and radius = a, 
eut the perpendicular in the pots C and E, It is evident 
that A, B.C, E, are pomts im the curve, and that the curve 
is divided ito four equal aud similar parts by the lines 
CDE. ADB. 

Let DS: DA::e: 1, therefore, DS =ae. If ¢e = 0, 
DS = () = DH, and therefore the pomts S and H coincide 
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with D and the ellipse be- 
comes acircle. If e=1, then 
DS = DH = DA = DB, and it 
is evident that the points of 
the line AB are the only ones 
which satisfy the required con- 
dition, since PA + PB > AR, 
whenever the point P is above 
the line AB. It is evident 
that e > 1 is inconsistent with the conditions of construction. 
This quantity e is generally termed the eccentricity. 





To find the equation of the curve, let D be the origin, 
DN=2, NP=y, AD=a, CD=8, 

SP? =7' + SN =y'4+ (t#—aev~=y +2°+a@e—Raex, 
HPP =y +HN=y + (et+acPoy +a 4+are?+ 2acz, 
*, HP?— SP? = (HP + SP) -(HP _— SP) = 4aex, 

. HP — SP = 2¢2 wescceseees (1), 
TIP? + SP?’ — 2HP. PS = 4e’2’, 
and HP® + SP? = 2(y? + 2 + a’e’), 
“ QHP.PS = 2y? + (2 —4e*)a* + ave’, 
HP? + Sp? 4+ Q2HP.PS=4 fy? + (l—e*)a* +a’ e*} 
but (HP + SP)? = 4a’, 
(lh) v= U—-&)(e—2') 


is the equation to the ellipse, the origin being at the centre ; 


Chee ae = ae §1nce 
DS 
eé = —, andSC=DA; 
DA 
2 2 2 
y=—(« — x), ra taal 
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is the equation, a and b being termed respectively the semi- 
axis major and the semi-axis minor. 


If we had taken CD as the axis of a, the equation would 
have been 


2 


tw 


2 
co eo 
- 


al 


Tf the origin be taken at S, SN=a, or NP =y, and for x 
in equation (1) substitute (2+ ae), 


oy = (1 — e) (a — a®e? — 2? — Qaex) 
= (1 — ec’) (0 — 2 —Qaex) «4. wee (2). 
If H be the origin, 
oy = (1 — &?) (OF e+ 2aez) weecveees (3). 
If A be the origin, 


OP (Le) (2 8 el") ase eas aien sens se (4) 


Some properties of the ellipse are directly deducible from 
these equations, from (1), 





CD* 
NP* = ——.. (BD? — DN?) 
BD- 
CD? CD? 
= —.(BD + DN).(BD — DN) = -AN.NB 
BD" ( zs ) ( ) BD? d 
*, NP?. BD? = CD?.AN.NB ...... (A). 
6? 
from (4), 7° = se (Ra—2£).2, 
CD* 
nie NP? = -——.. BN.AN, 
DB’ 


. NP?, DB? = CD?.AN.BN...... (B). 
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We may also deduce the polar equations to the cllipse. 
Let D be the pole DN=a2, NP=y, DP =c, PDN = 68, 


“. ©=rcosh, y=rsind, 





= *) ") 
: ,/ sin? 6 cos* § 
.. from equation (1) 7° ( —— + ~—) at 
‘ b- a~ 
: Lb? a® Ca 
r= 5 cA > > = > ’ ) » ’ 
asin? @ + b?cos?6 = a® — (a* — b°) cos” 





= 


/ 1 —e? cos? 6 
If S be the pole, SP=7, UP = 2a—r, PSH = 6, then 
(Qa—ry=r 4+ ture? — daer cos 6, 
1 4e t r — hare deve? +r — Aaercor9, 
em are ae — acrvos§, 
2 G— 7 ae’ — ercoss@, 


a(] — e*) 


~ Tes 8 





(31). We shall next proceed to the investigation of the 
equation to a tangent at any point Poin the ellipse, smee the 
principal properties depend upon the tangent. 

Let us take a point whose cy ordinates are a’, 4 

Take a contiguous point whose co-ordinates are 2”, 7”. 

We have, therefore, from (1), 


y= 1—&) (ea — 2” 
yY?=(l—&) (a — 2”), 
Paya — ea a, 
(PEAVY HP) =H mY F287) (wo — 2"), 
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Ei 


The equation to a line through the two points is (X and Y 
being the co-ordinates of any point in the line) 


, +} , ,s 
¥ 7 = 64 (x0) =— (1-0) 5, (x - 2) 
uo: y+y 


Now, this line is a secant, but if we suppose the points to 


be taken indefinitely near one another, ultimately this line 
becomes a tangent. 


Hence, making a = 2”, y’ = y”, we obtain 


a 
Lae Sa eee ee 
J 
as the equation tu the tangent. 
We must now find the valucs of the subtangent, normal, 
subnormual, &e. 


, 


A) 
¥oy¥=s— (le) (X— 2) 


the equation to the tangent. 


xv’ 
Let Y=0, «. —y +—(1— es — x), 


Ll ¥? 
and X —~ 2 = _ 9 
1l—e wv 
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x = SS See pt 
(1 —eé)2’ (lL—e)2e 2 
BD? 
DT = : 
DN 


(The student must observe, that in deducing the equation to 
the curve, we called DN and DP, 2 and y, respectively, since 
Wwe were not investigating a relation between any two par- 
ticular co-ordinates, but a relation between each pair. Lere, 
however, P being supposed to be any particular point, it is 
most proper to denote its co-ordinates by 2’ and y’.) 


.. DT. DN = BD’, or DN: BD:: BD: DT. 


ie ak al 

The subtangent NT = DT — 2’ = ar ae 
/ NT __ (a “—- a’) (a — 2’) __ AN.NB 

ND ~ ND” 


.. NT.ND = AN. NB, 


_ a*>—az’ NB.DB 
also, = = 
a ND 


.. BT.ND = NB. DB. 


In the equation to the tangent, make X = 0; 
a y?+(1—e) 2” 
2 Vey Sate) A SS 
y=—-(-0)5(-2) ; 


—e).a h2 
1—e*).a 2 ha: 





—— 
a 
ame 


, 


y 
“. DG.NP = DC’; 


b? b.(b—y’) 
also, CGQ = — — 6 = ——_ = 
y 


= 


Y 
(if PV be drawn parallel to AB) 
CV .CD 
VD 


“. VD.CG=CV.CD 


3 
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A. similar relation to BT.ND = NB. DB; in fact, the two 
relations together may be thus expressed :— 


If a tangent be drawn at any point, if, also, perpendiculars 
from that point bo let full upon the principal diameters, tho 
distances between the extreme points of the diameters, and 
the points where the tangent meets the diamcters, are to the 
distauces between the extreme points and the feet of the per- 
pendiculars as the diameters are tu the distance between the 
fect of the perpendiculars and the centre. 


(32) Since the normal is perpendicular to the tangent, and 
passes through 2’, 7’, 


y’ (X — 2’) : 
Y—7' = YX ——— ig its equation. 
J a’ (l1—e’) ee 
e 1 
Making Y=0, — 2’ as ee ea) 
oO y a’ (1 ey ) 
xX aaa xv + 9. , ” 
ite — 1 — Ce)” and xX — ec Vv — DK, 


DK Ds? 


att 
—— 


" DN DB?’ 





DK . DB? = DN. Ds’. 


Again, the subnormal NK = (1 — e*) 2’ 


Ye, De 
= eer x — aay) e DN, 
a DB 


*. NK: DN:: DC?: DB. 


x ] 


: a ne 
Making X=0, Y—y Pee paler? 

1 —@y —DSs*y’ 
pin feedia ewan 
Nei tga) = 5a 

= DS’.PN DR _ DS* 
= —~ pe?’ “' PN DC’ 
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ey’ DS? 7’ 
= $6 — ———- =) —- ——» 
a — b?)7/ 
RE =p — “ ; dy 
b? 
2 ,,/ 9 
: y BD~.NP 
=t+y =e 2: = E— De ’ 
VR = BDULNP 
e — DC 3 


“. VR: VD:: BD?: DC. 


The equations to the tangent and normal may be put 
under the following form by substituting for 1 — e* its value, 
b- 


V1Z., ears J 
a~ 
},? 4 


—! . mom 
wee 


x 
Y —2/ rae (X — 2’), equation to the tangent, 


 @YyY —@yP=— XY + Px”, 
or @YY + Bx’ Hey? + be”, but ay? + Pe? =a’, 
o CYy + 0X2 =a’; 


9° 


a” ? 


4 
Y-y= zr < (X — 2’), equation to the normal. 


33.) To prove that the normal bisects the angle contained 
by the focal distances. 


Since DS = DH = ae, and DK = e°a’, 
HK = UD + DK = ae + ea’ =e(a+ en’), 
SK = DS — DK = ae — e’a#’ = (a — e2"); 
but, page 44, IP + PS = 2a, and HP — PS = 2ez’, 
*, HP=a-+ez2’, and PS =a—erz’; 
hence, by substituting these valucs in the above, we have 


HK =e.HP, and SK=e.Ps: 
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iecdivision IK e. HP IIP 
] oe — —— 
ies oh e.Ps PS 





WK: SK:: UP: Ps. 
hence the angle HPS is bisected by the normal. 


Cor. It follows from this that the angle HPG 1s equal to 
the angle SPT, that is, the tangent makes equal angles with 
the focal distances. 


Ellipse referred to any System of Conjugates. 


(31.) The characteristic property of every system of con- 
jugate diameters is, that cach bisects every chord drawn 
parallel to the other; it follows, that if we refer a curve to 
any similar system, the new equation ought only to contain 
the square of the co-ordinates, and a constant quantity. 

The equation to the ellipse referred to its centre and prin- 
cipal diameter is 

Cyt Vara. 

Substituting, in this equation, for 7 and y, xcosa + ¥ 

cos a’, x sina -ysin a’ respectively, there results, 


(a* sin? o! + b'c0s* «’) y? +2 {a sine sine’+ bcos a cos a’}t ry 
+ (a sin* a + 0° cos” a’) x* =a? b'; 
this equation belonging to an oblique system having the same 
orien. 
But by hypothesis the equation ought to contain only the 


squares of the variables and known quantities, we must there- 
fore put the coefficient of ey = 0, 


"a? sing sina’ + & cus a COS a! = Onviceseaeee sduoneneauas (1). 


Hence the above equation is reduced to 
(a® sin? a’ + bcos? a’) y* + (a sin® +0” cos? #) 2? =a? bh... (2) 


Dividing equation (1) by cos @ cos #’, we have 


9 


s 


a® tana tane’ + b= 0, “. tane tane’ = ——.- 


a 


Dd 2 
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Therefore, as we have ouly one equation to determine the two 
angles a. a’, it follows that the number of systems of con- 
jugate diameters is infinite. 


Making successively y = 0, r=, in equatiun (2), and 
there results, 
ab? 


SEES aL CET EE 
a sine a + O° cus’ @ 


’ 


10P YA) cases uae a 


a’ be 


0 


and for eal) eeegeesoveedee 4 Se eee 
J a? sin? a’ + b- cos? a’ 


Which expressions are the squares of the semi-conjugate dia- 
meters. Calling these conjugates 2a’, 26, respectively, we 
have these relations ;— 





‘s a? be . a U 
a a. Se a Oe Ue pe 
@’ sin? a + 6? cus? a@’ a 
bi Ay NS ES 
gh Se 
2 @ sin’ a + 0 cos? ¢ = We ee a ie 
Sole 
Pat | 
mys yet 
rF al 
and 0’? = ———_,_-_—_—___, 
a‘ site + b cos*« 
a 2 
* a sin? «’ + 0? cos? a’ = aoe 
IE 


Substituting these values in equation (2), there results 
ay eb ae eS =e 


for the equation to the ellipse, referred to any system of con- 
jugate diameters. 

Consequently, the centre being the origin, the equation to 
the ellipse preserves always the same form for any system of 
conjugates. 

Since fora#=ta’,y’=0, and for y= tV, 2° =), it 
follows that the two straight lines drawn from the points 
MM’ mm’, parallel to the two diameters, are tangents to the 
curve. 
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As this equation is of the same form as that betwee 
rectangular co-ordinates, it is clear that all properties whic 
aro independent of the inclination of the co-ordinates will b 
equally true for the conjugate diameters as for the princip: 
diameters or axes. 

The cquation to the tangent is 


a" yy” + bX av” — a’? b”?, 


where (2”, y’’) are the co-ordinates of the point of contact. 
ge 


: F a a a 
If in this equation we make Y=0; a= ma which is tl 


value of OR, the point where the tangent meets the axis 
x; and if from this distance we subtract 2’, or OP, we ha: 
the subtangent PR, 


n , a? — a! 
PR=—; - «= —;— 
az & 


this is the same result as obtained at art. 31. 

Also as at page 48. ‘The rectangle of the ordinate of tl 
ellipse at the point of contact and the ordinate of the tange: 
at. the centre, is equal to the square of that semi-diamet 
which is taken for the axis of ordinates. 

Also, that the rectangle of the abscissa of the point 
contact, and of the point where the tangent meets the ax 
of abscisse, is equal to the square of that semi-diamet: 
which is taken for the axis of abscissm. 


On Supplementary Chords. 


(35.) If from the extremitics A and B of the major as 
two right lines he drawn to any point of the curve, these lin 
are called supplementary chords. 

The equation of the nght Jine BP, 
passing through the point B, whose co- 
ordinates are y = 0, and z = a, is 


ym (#— a). 





The equation of the right line AP, 
passing through the point (y = 0, 
2 = —a), is 

Y= mn (a + a). 
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Now, let 2’, 7’, be the co-ordinates of the point P; and, as 
this point is in both lines and also in the curve, we have the 
following relations :— 

Go SAWN D AAA) crsnenviuiesmeavenpnacda CL); 
OF SIN (D ) das jameseatiaveteeiacen: Ce) 
CY? Oe SOO ccstsicievecsccecs (3). 


J 


From (1) m= ——, and from (2) m’ = 





? 9 
xa-+da 
y’* 
by multiplication mm’ = Gib gre terereessees (1). 
From (3) we have — bie? + Cl? = a’y” 
faa b- (e a a’) —_ avy’, 


yf? 2 

; Fh = a a a 
but from (4) m om? = ae, 
, i 
b? 


SMI SS sede ie sekaecasiaee: (CO): 


~~ 


The same relation obtains if we draw the supplementary 
chords from the extremities of anv diameter whatever, L, E’; 
for let 2’, y”, be the co-ordinates of the point E, thuse of 
the point E’ will be 2”, y”; and the equation of the lines 
drawn from the points E, L’, to any point P’ whatever in the 
curve will be 

YY =m (e— 2”), 


yey’ =m (@ + 2”), 


and, ay the point P’, or (w2’, y’), is in both these lines, 


we have 
¥Y¥ — yy’ =m (x — x”), 
Y +7 =m (x + 2”), 


, the 


yy”. 


am = 
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but the points P’, E, E’, are also in the curve, hente 
ay + 6° 2’ — 2 6, 
a yf” +7?" =@ b?, 
fe -ex” L? 


renee omen meg 


a — yy!” a? 
2 , 
Hieron 2 — "a 
ut from above ———, = mm’, 
we — yf” 
, b° 
o. MM =— —, 


ad 


which is the same result as before. 


(36.) To find the anglo contained by tho supplementary 
chords, we havo 
m — om’ 


tan P = ————_.,, 
1 + mm 


where m is the tangent of the ungle PBX, and m’ the tangent 
of the angle PAX; we have already shown that 











, , 
e tA J 
n= ,_ w= 
“—u + u 
4 
eyes, 
m— am ve—-a we +a Q2ay’ (6) 
(ee Se ee a es ; 
1+ mm’ y* wv —a t+ y* 
LA 
ve — a 


and, since the lincs mect in the curve, the equation of the 
curve must be satistied 


Cy? + be? =e’, or 
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hence, by substitution, we obtain 


m — m’ Qay’ — 2ab? 


l + mm’ -* a*y" é ~(e@— by (7). 


It is clear from this result, that if we consider any point P 
of the curve above AB, in which case y’ is positive, the 
tangent of the angle APB is negative; then this angle is 
necessarily obtuse, as it ought to be, since all the points of 
the ellipse are within the circumference of a circle described 
on AB, as a diameter. 

As the obtuse angle increases its tangent decreases; hence, 
when the tangent is least the angle is greatest, and equation 
(7) will be least when 7/ is greatest; or when 7’ = b, this 
value substituted in (7) gives 


— 2a" — 2ab 
bt —b) a&—b 
On this supposition, the values of a and m2’ become 
—b 


ni=-- 


ct 


tanP = 


m’ = —, since 7’ = 4b, gives a= 0. 


’ 


From the above, it appears that supplementary chords 
drawn from the extremities of the major axis make the 
greatest angle when they meet im the pomt C, the extremity 
of the minor axis, 


(37.) We can deduce some other useful properties by 
transforming the oblique axcs to rectangular axes, 


xsina’ — ¥ COS a’ 
sin (a — a) 


bd 
ucnSa —ZXsina 
y= 
Y b1n (a — a) 
Substituting the valucs in equation (52) page 74, we have 
(a cos*a + 6’ cos*a)y" + (—2a”’ sine cosa—2b” sina’ cosa’)ay 
+ (asin? + 0” sin?«) 2 = a?’ sin’ (a’ — @), 


which must be the same as a’?y® + b’2’ = ab’, 
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therefore, the following conditions must have place, 
a’? cos? + bcos? a’ = a? sissecsseteneeeees (@)s 
a’ sin? a + b sin? a! = B® sicseccssceveseves (b), 
a”? sina cosa + b’ sina’ cosa’ = 0 .....000 (C); 
a” b gin? (a! — aw) = arb? ...00 (ad); 
add (a) and (b), and there results 
Ge sO ee eb se eiesmets, (2)5 


or the sum of the squares of any system of conjugate 
diameters is equal to the sum of the squares of the principal 
diameters. 


Jiquation (d), multiplied by 4, gives 
fa’b’sin («’ — «) = dub, 


and since «’ —a is the inclination of the conjugate axes, 
the left-hand side of the cquatiun expresses the area of a 
parallelogram whose sides are those axes, and included angle 
a’ — a (see Hann’s * Trigonometry,” page 60); the right-hand 
side gives the rectungle of primcipal aases; hence, every 
parallelopram circumscribing an ellipse having the sides 
parallel to a system of conjugate axes, 1s equal to the rect- 
angle of the principal axes. 


Now, since the area of the parallelogram is 
4 MD. m7, 
we have 4MD.mi = tab, 


ab 


Nut = ' 
MD 





but mi equals a perpendicular on the tangent Tt from D, 
which call p, then 


ab ae a bv ab? 
P= yp’ P 


~ MD? @+bh'—a@? 


(since MD? + 1D? = a + 0°), 
D3 
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Now mD? =@ + 2? — DM? 
=a? +h? — (2 + 9’) 
=a + b°— 3 + i x”) 
l a 
‘ > i a ee 
Het h—e#-—b+—x# 
a 


) 


L? 
= “(1 ——)@ 
a 


: az — b? : 
=-ay— , & 
a~ 





9 


e—ee 
= (a+ ex) (a —ex); 
but by art. 338, a+ ea = HP, and a — ex = SP, fig. p. 47. 


- mD? = SP.HP, 


or the rectangle contained by the focal distances of any point 
of an ellipse, is equal to the square of the corresponding 
semi-conjugate diameter. 
(38.) In the ellipse 
‘ 
: aa—7r 

where p is the perpendicular from one of the foci on the 
tungent: the equation to the tangent 1s 


ye ww i? 
Y ay’ + 7 
perpendicular from the point (— ae, 0) on this 
— ba hb? 
nT ii | cael 
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_ — & faex + a} 
— b°a(a + 62’) 


b° 

2B eu g +— of 

vf {a ai a | 
_  —b(@ten’) | 
Ja + ad /a— ea 


ba + ex’ 


ae 
/ a —exv 
S08 b? (a + ex’) 
~~ omeg’ 


HP 


SP. 





= 6, 


1 pl id 





Qua—r 


In the same manner, if we put p’ for the perpendicular 
fromm the other focus on the tangent, we have 


SP 
fe — b? —_——} 
i HP 
SP Hp 
Dred ip’ ‘sP 
p.p = 6. 


That is, the rectangle of the perpendiculars from the foci on 
the tangent 1s equal to the square of the semi-axis minor. 

(39 ) If a circle be described on the major axis of an ellipse, 
and if Y be the ordinate to the circle, and y the ordinate to 
the ellipse corresponding to the same abscissa, then 

y 2b 


Y a 
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By the equation to the circle 


Y? = q? = 2’, 
 , . 
ellipse y* = =) (a? — 2), 


Divide the second by the first, and we have 
y y 


— se « 


xy? a’ Y 


that is, the ordinate of an ellipse is to the ordinate of a circle 
described upon the major axis, as the minor axis is to the 
major axis. 

It is evident that thiy gives an casy method of describing 
an ellipse by points. 


(40.) If zy, and 2’y’ be any two points on the conjugate 
diameters, then 
we yy 


per TT = Q, 


a 6: 


, 
J 
for : =tane, and y= tan «’, 


i? 
Lut tang tana’ = — —, 


y 2 


Bh a” 


y xa’ 


— 
— 
— 


Re a 7 
b¢ a- 





& Ie 


~ 


— 


zw yy’ 
oT >; + uy == (), 
a b- 





On the Eccentric Angle in the Ellipse *. 


(41.) The co-ordinates of any point zy of an ellipse, may 
take the form #=acos¢?, y = bsin¢g. 


* O'Brien's “Co-ordinate Geometry,” page 111. 
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w ow 
If we assume ~ == 0089, oF, in other words, @ = cos™ = 


then, substituting in the equation, 
xr 2 


¥y 
atpah 


9 


ws 


we have - == 1 — cos? = sin’ 9, 





“y= sin’¢, or y = bsing. 
Hence, we may assume z= acos¢, and y = Usin ¢. 


If we describe a circle, AP’B on AB, as a diameter, 
produce the ordinate MP to meet it in P’, and juin P’D; 


. 


/ e 1 an e e 4 | < 
P’DM is the angle whose cosine is -, for 
a 


DM DM. @« 
cos P DM =e, = — =F sw 
DP’ DB a 
therefore, if we produce the ordinate to meet a circle de- 
scribed on the major axis as a diameter, and draw a line 
from the point where the ordinate meets the circle to the 
centre, then ¢ is the angle which that line makes with the 
major axis. 
If PQR be drawn parallel to P’D, meeting CD’ in the 
point R, and DB in Q, then PR=P’D=a, and PQB = 
P’DB = @; since y = bsing, we have 


bsing = PM = PQ sin PQM = PQsing, 
“ PQO=Dd., 
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If @ and 9’ bo the eccentric angles of the extremitics 
of two conjugate diameters, then 9’ = 9 + 90°. 

Let (a, y), and (2’, y’), be the co-ordinates of the ex- 
tremities, P and C’ of the two conjugate diameters DP and 
De’, 9 and ¢’ the corresponding eccentric angles, 


then #=acos?, y= bsin?, 2 =acs’, y’ =bosing’, 
then, by art. 40, cosp cos 9’ + sing sing = 0, 
or cus (? — ¢) = 0, 
which shews that 0’ — 9 = 9U’, or ? =o + 90°. 


This property of conjugate diameters, with reference to the 
eccentric angle, is of great use in problems reluting to con- 
jugate diameters. 


Cor. Hence 
wv = aCUs (? + 90°) =— “wile =— ~ Y, 


, l 
and y’ =bsin(? + 9U5)= beoo= = & 


which deterniuine the co-ordinates of P and CG. 


(42.) The properties deduced in art. 87 can be found in a 
very sunple manner, by using the eccentric angle. 


Let DP=7, CD=?7’, PDB=06, CDB=@, 
r=ae+y=a’cos’¢ + UV sin®? ........ (1)3 
and putting p + 9U for %, we have 
72 A Bind + CUS D  sirccscseeescveeerere (2); 
add (1) and (2), 
r? + 7% = a? (sin? + cu3s*¢) + b* (sin? o + cos*¢) 
SST SU nceensccssa meine ousssetees CL): 


The area of a parallelogram, whose sides are C’D and PD, 
= rr’ sin (6 — 6) = rr’ (sin & cosd — cus & pin 8) 
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=rcosé.r sind’ — rsin 6.7’ eos 6 

= ay —ay 

= absino’ cos? — abcosQ’ sin? 

= ab(sin 9’ cos ? — cos @’ sin 9) 

= absin(?’ — ¢)=ab {since sin (9% — 9) = sin 90} = 1. 


(43.) Given the axes of an ellipse and the inclination of 
any two conjugate diameters, to determine their length and 
direction. 

In tho first place, we shall find a’ and l’.. By page 57, 


= 2ab | 


@?>+b4 =e 4+h; 2a’ = 
ne” 


by adding and subtracting these two equations, we have 








(a + 0°) iy fea 
u *=a- 2 eee 
sil 6 
9 
2ab 
o—VPo=W’Vt+h— ; 
( ) sin ¢ 


Jens, — Rab l ; Zab 
Sol SS aw + bet - ott a+b — —-s 
~ bin’ ~ S1ll © 

] 2ab a/ ab 

, nae 2 ee ads =e 2 b> — = 

Y 0) af ye smé 2 ot sll 


In the equation, page 51, a* tana tang’ + b* = 0, 





put 6 + @ fore’, and we have 
a*tanatan(6 +@a)+ 0 = 


sane + tane | 


but tan (6 + a) =- — tanGtana- 


therefore, by substitution and reduction we have the quadratic 
a" tan?a + (a? — 0?) tan€.tane + 6? = 0, 
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(a? — 0°) tané 


Qa? 


this value of tana will be real if (a?— 5°)? tan? ¢ be greater or 
at least equal to 4.a7d*. 


tana = — +t, Je PF tamte— aa 











4a? b? Qab 
If tan?¢ = ——_-~ Tarp OF tan¢ = + = + 
(a’ — 6°)" ~~ a? — b? 
substituting this value in the tan«, we have 
7 §? l 
ihe : x + ae ee - 
2a° a — b a 
b- 
which, since tana tan a’ =~) >, gives 
b Pe 
tuba m—-, tane’ = - 
ad a 


(44.) Given two conjugate diameters in an ellipse and their 
inclination to determine the axes. 


Since a + 8? = a? + lb", and Quab=Ra’b' sing; 
by adding and subtracting these equations, we have 
(a+ bf =a? 4+ 0% 4+ 2a'U' sine, 
(a— by =a? + lb? — 2a’V one, 
a=4hi/attl? +xa'l’sing + 4 fa? + 20 sing, 
bad /at+ b+ 2a’d’sine — 4 Jae + + U4 —2a'b’ rin’, 


These valuey are alw ays real, for (a — 0’)? > 0, thon 
a 4+ b> 2a’V’, and, a fortiori, a? + b4* > Qa Vv sin €. 
We can dennis. the angle a from the Patio 


i? 


Tiny oo 
a* 


tane.tan(6+«) = — 


as before, in the last article. 
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(45.) The Normal in Terms of tts Inclination to the Major Amis 


Tho equation to the normal is 
esa ea 
y y eo ba’ (2 x’), 


2, 








_ ay , wy 
aa Oa be 
acy’ Bea , 
aa Pas -- meee Cai eepeve (1). 
Let the equation to the normal be 
PS INS EM: saacweciavcws Seaaeale . (2); 


then, comparing (1) and (2), 


a b> — a? 
ma Se, and A= ‘ 


. eeeere 3 9 
mY (3) 








ab Ya— x 
Mm = + —- ~—______. 
boa x 
ban? =a? — 2”? 
, —— yy 
a* a’? 
S| 
a 
= a? 
a? + mb 
4 
a 
C2? = & — —— >; 
a’ + mb 
at + amb? —a* 
— a? + n?b* 
—— amb 
ae a~ — i 1 = 


7 / a + mib® 
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> yi we oe 





e— a amb 


ab /@ + an? 62 


me 
=— (v7 — f). ——————; 
( Ja + m? 
“. (2) becomes y = me — (a?— 0’). ee eee 
J/ a? + mb? 
or (y¥— mor) / @ + mb? + m.(a — bv?) = 0. 


The equation to the tangeut in terms of the angle that it 
makes with the major axis, is 


| aed Sr a TE 
Yr=MeeA vy mae + &. 


(46.) In the ellipse, to find the locus of the middle points 
of a series of parallel chords. 


The equativn to the ellipse is 


AS Bet? Se AC Be avi sawacseweoavenss veo (1), 


Let MM’ be any right line whose equation 1s 


Y= MOAN cecccceeee Sandee aRiGeuee sais (2). 


Substitute in (1) for y its value from (2), 


(A?m? + B*) a? — 2A? mh. a + Al’ — A’ B? = 0, 


the roots of this equation will give the abscissw of the two 
points MMW’, 


‘ QA*mh. ax A*h? — A? B 
x 


Se SER SS ae = (): 
A‘m? + 3B* Aém: + B* : 
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let 2’y’, and x” y”’, be the co-ordinates of the two points, 
and «, 6, those of the middle point N, 


a’ 4) / ? 
then «@ = a. C= y ty 

2 2 
since in a quadratic equation the coefficient of the second 
term taken with contrary sign iy equal to the sum of the 
roots, we have 


Ponile ch QA? mh 
wp x! = — ———____., 
A*m> + B 

A?’mh 
1 SS es 
Atm + B? 


To find the corresponding value of 6, we must remark that 
ew und 6 is a puint in the line whose equation 1s 


y=emet+h; 
hence, substituting ¢ for y, and « for aw, we obtain 
GCG=maet+h; 
substitute the value of « in this equation 


A? mh + Bh 


6=— >, the 
Ari + B Acie + B 


Dividing © by a, we get 





S -e Be 
— = 

Now, as this result is independent of h, which fixes the 
position of the chord MM’, it follows that if we put 2’, Cy 
a”, 6”, the co-ordinates of the middle points of the other 
chords parallel to the first, we shall in like manner tind 


G! Fee B: CY i= B? 


_— SS SS ae ee 
aC AZ?” a” Am 
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therefore, in general, representing the co-ordinates of the 
middle points by # and y, we have the relation 


9 


y —B B° 
-~ = OF YS — 3: @, 
wv A‘ m- A*~7m* 


which is evidently a straight line passing through the origin. 

Hence, all the diameters of an ellipse pass through the 
centre; and, conversely, every line which passes through the 
centre is a diameter, if we put m’ for the tangent of the angle 
which the line forms with the axis of 2, 


— B — B 
rs I SS 
A*m Avm 
The same process applies to the hyperbola, by changing 
— B? into + B*. 
Section VI.—IHypersora. 


(47.) If Sand H be two fixed N i 
points, and if the difference of er eo i 
HP and SP be a constant quan- eee Lf) ; 
tity = 2a suppose, the locus of a \ 


P is the hyperbola. 
Bisect SH in D, make 





n= 


DB = DA = 4; 
then, A and B are manifestly points in the curve. 


DH ; : 
Let Dp” & quantity greater than unity; then DI = ae, 


To find the equation to the curve. 
Let D be the origin DN=a, NP=y; 
then HN =ae+a, SN=ac— vx, 
HP? = y? + (ae + 2)’, SP? = y’ + (ue — 2)’, 
*, HP? + SP* = Qy? + Qa’e? + 22", 
HP? — SP? = (IIP — SP) (HP + SP) = 4aez, 
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“. WP + SP = ez, and HP? + SP’? + 2HP.PS = 4e’2’", 
“. QHP.PS = (de? — 2) a — Qy° — 2a’e’, 
nd HP*+ SP?—2HP.PS=4@=4(y? + a’e*) + 4(1 —e’)z*; 


hercfore the equation to the hyperbola, the point D being 
he origin, is 
y = (1 —e’) (a — 2°). 


° e e b 
This expression, 1 — e’, is generally put =— —, and then 
Q~ 
y a 9.9 99 7) 
Jz — ae —_ l, or oy aa ba? —— a°b? eon (1), 


s the hyperbolic equation. 
If we had taken the point A for the origin, y has the same 
‘alue as in (1), but AN is = DN — DA = DN — <a; 


eo _ (ebay _ 
3 roa 


' Ob a” ie 

wy y? = (1 — &)(— 2az— 2’) = (e&? — 1) (2az + 2°) ... (2), 
und if we take S the origin, SN = DN — ae, 

Sua? Se (Ome 1) (2008 Ae) aincoseeeacnatas (3). 


(48.) We now proceed to the deduction of the polar equa- 
ions to the hyperbola. If D be the pole, DP=r, HDP=4@, 
then, in equation (1), a=—~7cos 4, y = 7sin 8; and we have 


sin? 6 = (1 — e*) (a — r* cos? 6), 
vr f{sin?@ + (1 — e*) cos’ 6} = a?. (1 — &*), 
a’?(1 — e’) 


————— 
1 — e- cos‘ 8 


af/ée—1 - b ; 
Ce SS ee SS 
/ e? cos’ 6 — 1 ,/ € cos" 6 — | 
and if H be tho pole, ZPHS = 6, HP =r, 


SP? == (Qu — rv)? = 9? + 4a7%e? — 4aer cos 8, 


and 7° = 
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o 404+ 7 —dar=r? + 4a’%e? — 4aercos 6, 


a(l—eé’ 
. @—ar=ate?—aercos), .. r= ( ) 
1 —ecos@ 








Now, it is evident that there exists a curve similarly situ- 
ated with regard to H, as AP with regard to S; these two 
curves are called opposite hyperbola, though, properly speak- 
ing, the hyperbola is the system compounded of the two. 

(49.) We now proceed to the discussion of a few hyperbolic 
properties; but it will be convenient to first investigate the 
equation to the tangent, since the most important properties 
depend upon it. 


Let (y’, 2’), (v7, x”), be two points in the curve, 
then, 7? =(l—e)\(— vx?) YF=H(1l— e)(e — 2”), 
Pm PO Bly FUNNY — oy) = (1 — &)(a"? — 2”) 
= (ec? — 1) (0' + ov”) (eh — 2”), 


and the equation to a straight linc passing through (y’, 2’), 
(y”, 2’), is, if Y and X be the co-ordinates of the Ime, 





, ’ 
| ae 
- , e e a / 
a ee (xX — #), 
a + a’ 


‘ye = —— ,_(¢*— X — 2’). 
or Ye =. (#1) (X 2) 

Now, supposing the points (y’, 2’), (y’, 2”), to approach 
continually, the line ultimately becomes a tangent at the 


point (y’, 2’), and its equation is then 
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We have now to find the subtangent, subnormal, &c. 
2 , 
Y —7y = (Ve ix — 2), 
y 
the equation to the tangent at the point (¥’, 2’). 


If x = 0, ee cre 


y 
a2 beige 2 ass ON 39 9 
oe OO ha Oe 
y y y 


this is the point where the tangent meets the conjugate axes 
below D, 
. DI’: DC :: DC: PN. 
Also, if Y= 0, 
(e? — 1) 2’ y”? 
— yf = os (X + 2’) Xe eS 
y y ( ) (1 ae e*) av’ 
ae (—e)a?+y" (l—@)a  @& 
-_ (l—e)2e ~ (l—e)x  @’ 
‘.. TD: DA :: DA: DN, 


2 2 
DN -— DT = tn = *@ 2% 


= TD, 


= subtangent, 


another property of the hyperbola. 


(50.) The equation to the normal PK now remains to be 
found. 

(e° —1) 2’ 
y 
gent; since the normal is perpendicular to the tangent and 

passes also through y’, 2’, its equation consequently is 


7 


ee ge eee Ry ee 
X uy ~ Ser w’). 


If in this equation we make X = 0, 


Y-7y=<= (X — 2’), is the cquation to the tan- 


, 


u 


: ee Wrote at ae, , 
k y (i — yar x’), 
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e Y =1/' y ——— , e ); 
see Teed ee 


so that if the normal were produced to cut DF, or that line 


: NPé DG . 
produced at a point G, DG would be = rae <p is a 
coustant quantity, equal to 
e Ds? Ds? Ds? 


ig 





e—1° Ds?— DA? (DS+DA).(DS—DA) BS.AS’ 


also, if in the normal’s equation we make Y = 0, we have 





. X = e's’ = NK + ND = KD, 


2 


“ NK = (e—1)2/= a DN the subnormal. 


The properties of the hyperbola just investigated, may be 
here brought together for classification and reference. 


DT2, DC 2. DC & UPN istccvssecuassenas (1), 
TD:? DAS 3 DA SDN wivsrecsexrae (2). 


~ & atte? a? + 0? 


—_— = i , 
a | 3 putting “3 for ¢ 
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DN? — AD? 
DN 








. DG: (NP.DS):: DS: (BS.AS)... (4), 


or, Which is the same, 
AD* cp? 
DG = pieces . PN. 
('D* 


On Directrices and Parameters. 


The hyperbola and ellipse have each two directrices, but 
the parabola has only one. 

In the parabola the distance of the directrix from the vertex 
is = a. 

In the ellipse and hyperbola the distance of the directrix 


a 
from the centre = —- 
e 


The parameter, or latus rectum, is the double ordinate 
drawn through the focus in each of the three curves. In the 


parabola it is = 44, @ being the distance between the vertex 
: oe 2 6? 

and focus. In the ellipse and hyperbola it is = — , when 

a 


a and 0 are the major and niinor axes. 
(51.) On the Asymptote to the Hyperbola. 
y= (1 —e') (a? — 2%), 


yale. {2— sah ae seeuaees (1), 


is the equation to the curve. 

Irom the form of this equation, it secms that there are 

relations between the curve and the line 
y = (/e? — 1) a, which are worth attending to. 

It is evident that this line passes through the origin, 
making an angle = tan™! /e —1 with the principal 
diameter; 

and since y? = (ce? — 1) a in the line, 
and y? = (ce? — 1) a — (e?— 1) a* in the curve, 
ri 
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it is evident that the lineal ordinate is greater than the 
hyperbolic corresponding to the same abscissa. 

But on considering the equation to the curve when 
expanded into the series (1) above, it is evident that as 
# increases the hyperbolic and lineal ordinate approximate 
nearer and nearer. 

So that we may say, that when # =a the line touches the 
hyperbola, and 1s therefore an asymptote. 

Since in the equation y = «/e*— 1.4, the radical may 
be taken with either sign, and # may be either positive or 
negative; there are evidently fonr asvinptotes, all cutting at 
D, a pair belonging to each hyperbole branch. 

It will be an instructive exercise for the student to endea- 
vour to deduce the asymptotes from the tangential equation 

, , (@—T) a : 

Y¥— f= y (X ee ): 
considering the asymptote to be a tangent at an infinite 
distance. 

(92) To prove that the normal bisects the exterior angle 
between the focal distances at any point in the hyperbola. 


By art. 47, HP + SP = 2 ew, 
and HP — sP = Qa; 
by adding and subtracting we have 
HP =ecx-+a, and SP = v2 — a, 
Sk = DK — DS=e?a’ —ae=e(e2r’ —a) =e .SP, 
HK=DK+DH=c’a+ae =ec(ee’ +a) =e. UP, 
SK SP 
“HK UP 
“. PK bisects the angle SPP’. 





From this it is clear that the focal distances make equal 
angles with the tangent, that is, the angle SPT is equal to 
the angle HPT; for KPT = KP’, being right angles, and 
SPK = KPP’, from above; the latter, bemg taken from the 
former, leaves the remaining angles SPT and P’PT” equal, but 
P’PT” is equal to its vertical opposite angle MPT, 

“. IPT = SPT. 


ANALYTICAI, GEOMETRY. 75 


(53.) By proceeding in the same manner as for the ellipse, 
pago 58, we have p* = ae , and therefore we have in 
. 
the same manner 
pp = 6, 


or the rectangle of the perpendiculars from the foci on the 
tangent is equal to the square of the semi-axis minor im the 
hyperbola as well as in the ellipse. 


(54.) When the hyperbola is related to its conjugate dia- 
meters, the process is exactly the same as for the ellipse. 

The equation referred to its axis is @ 7? — 6’ 2? = — a’ Bb’, 
and substituting for # and y, as in the ellipse, we get 


a? sina sina’ — b2C08 a COSa’ = Ou..scccsecsseeesseees (1), 
and (a? sin® a’ —- 6° cos*.a’) ¥* 
+ (a? gin? a — b° cos?a) @ == — a? B secsecsveseveeeee (2), 


from (1) we have, dividing by cos a cos a’, : 


u 


~ 


a tan a tan a’ — Lb? — 0, or tan a tan a’ — a @eceveuas (3), 


b° 
t Ps ea ig a as gaat Sin atd tes hie ee Ue agli a eadeg 4 e 
=e a’ tana (4) 


Tn equation (2) make y = 0 and # = 0 successively, and 
we have 


P —vbh 
C= SRO 
a® sin?’ a — &° cos’ a 
, — ab? 
Y= 


a? sin? a’ — b? cos? q’ 


We must observe that, of these two squares, ono is positive, 
and the other is negative, for any value of # corresponding 
to y= 0 is real; but that of y corresponding to = 0 is 
imaginary; but that they have different signs may be shewn 
as follows :—multiplying these two equations together, we have 


a'b 


é 
6 Q 


ay —_ 
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multiplying out the denominator 
aitsin*« sin?a’ + b'cos*« cos? a’ 
— a°* (sin? «’cos*« + sin®« cos"a’) ; 
but by equation (1), @’sinz sina’ — U’cosa cosa’ = 0), 
. aisin?a sin?a’ + b'cos*a cos*a’ = 20° sinasin «cos 4C0s a’; 
therefore, the denominator becomes 


Cb (sine sinz’ cosa COsx’ — sin*x’cos’?a — sin* a cos? a’ 
A 


== — a’b*(sina’cos # — sine cos a’)* = — a?b?sin®(a’ — a); 
ail} ah? 
9 
2 CE SS ee ren as ae 5). 
J — ab’ sin? (2’ — a) sin (a’ — «) 6) 


This result, being essentially negative, proves that 2° and 
y°” have different signs. 

Taking the axis of z for the transverse diameter in this 
case, the expression for x’ 1s positive, but that of y? is nega- 
tive; putting a” for the first, and — 6% for the second, we 
have 





2 —a@ b° 
a = ? ’ J ” 
a‘sinta — b' cus? a 
2 U 
—vh 


pee ee : 
a‘sip?a’ — cus? a 


a’? 


* esiva — b?cos?a = — —— 
Ww 


2 72 
: ak 
a? sin? a’ — b? COs? a’ = whey ’ 


from these values of a? and — 6%, equation (2) becomes 
ary? — ba? =— a’? U2, 


the equation to the hyperbola related to oblique axes ori- 
ginating at the centre, and making angles @ and @’ with the 
primitive axis of 2. 
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If we put in this equation 
e2=U0, y= Se Gan 4h = 1, and y=0, az=+d’, 


since the value of y, when 2= 0, is impossible, the curve 
does not meet the axis of y, but as +a’ is the value of # 
when y= 0, the curve meets the axis of x at the extre- 
mities of the diameter 2a’. 

Now, if in equation (5) we put a” for 2 and — 6 for y’, 
we obtain the relation 
3 et a®* UL? 
sin? (a — a’) 


“. @b sin (a — a) = a), which is the same as in the ellipse. 
(55.) Inthe gencral properties of the ellipse, if we put — 6? 


for b*, we have the corresponding gencral properties of the 
hyperbola. 


(56.) Iu the values of a, 0°, obtained in art. 54, replacing 
the expressions for sin*«, cos” «, sin*«’, cos’a’, by their values 
in terms of tane and tang’, viz.'— 


\ 1 2 tan*a 
cos°a = ——————_”? Jn-¢ = ———_—_- 
1 + tan-a 1 + tun-a 
> »- 1 ee ae tan*a’ 
cos" a = oe sil°-a = 


1 + tun” a’ aT + tan? a’ 
— ab? (1 + tan*a) 


Nie eee eevee (1), 


a’ tan?a — & 


we obtain a” 


2 me a*b’ (1 + tan?a’) 
ae — TS Sab a pp 
a tan*a’ — &¢ 


a°b° (1 + tan‘a’) 


or 0’? = —_ 
a‘ tan?a’ — b 
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be: eo We 
From (1), tan’a = — : = ). 


» 


a \at +b 
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b° +h 
From 0) tan* = 5( pe) 
(2), ’ “w\b?—B/]’ 


multiplying these together, we have 
‘ an bt ((a” —_ a*) (a? + b’*) 
tan°a.tan*a = ia Ua? + B) (b= — 8) ’ 


b? 
but tana tana’ = — (page 7b), 
mE 


3 
or tan*atan*da’ = —) 
a 


bY (f(a? — a OE) + aA} =s 
alia ram bf) (0? 
ee (a ee Ce ee) _ Oi. 
' FEV) VRE) = 
(a? =a) (at + 0) = (Wt + BY (0 DY, 


e'e—a tabetha hee ah 


transposing and reducing, 
a? (e+ h)—-V (e+ hy=Ha—b, 
or (a° — Ub") (a + ') =a — = (e + 1) (a — 6°), 
Aare B= PO’, 
This might have leen deduced, as well as the latter part 
of art. 54, more elegantly, by transforming the oblique ordi- 


nates to rectangular, as we have already done in the ellipse, 
substituting for # and y the values 


sin’ — ycosa ycosa — @sina, 


Cmmeeneamme ne AE cers ee 


sin(a’—a) ’ sin (a’ — a) 


in the equation a” y — b?9¢=— ab”, we obtain, as in the 
ellipse, 
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a’* cos*a — 8!" cos?’ hs ua hie ea vaeuak Gace DeabS (1), 
a @ eb SU Oe Oh gateeneerian teense (2), 
— A? sin® (al — a) =D? cece ceeeeeeeeeee (8), 


by adding (1) and (2), we obtain 


caso eee he seeds ccusvees estebestabmniarie CL) 


a 
Irom equation (3), 4a’b’ sin(a’ —a)=4ab ...... (5). 


Iiquation (4) shews that the difference of the squares of 
any two conjugate diameters is cqual to the difference of 
the square of the principal axes. 

Hquation (5) shews that the rectangle described on any 
system of conjugate diameters, is equal to the rectangle on 
the uxes. 

(57.) We have already shewn, that all we have hitherto done 
for the clipse will, wath sheht modifications, apply to the hy- 
perbola; but the converse of this is not true, for there are 
many properties of the hyperbola which cannot belong to 
the ellipse: these are the properties relative to the asymp- 
totes. ‘To complete the whole, we shall proceed to find the 
equation to the hyperbola referred to its asymptotes. 

The equation of the hyperbola referred to its axes 1s 


OY SO SO? a echinseaseiaesiaees, (1), 


We must now pass from asystem of rectangular to a system of 
oblique axes; to do this, we must substitute m the above equa- 
tion, for wand y, the following values (see art. 24, eq. 3.) :— 


7 , 
U=xUXCOSa + YCOSa, 


y= vsina + ysina’, 


and we have 





(a? pin? a — b? cos’) y? 
+ (Qa*sine sine’ — 20° cosa cosa’)ay -| =—a@ Sb... (2). 
+ (@ sin?a — b? cos? a) a* 


lfere we take for the new axis of 2, the asymptote DK; 
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and for the axis of y, the asymptote DL; the angles @ and «’ 
are determined by the equations 


b , 
tana =——, tane = —, 
a a 








, a eee a 
CSo2. = ————, sinz« = "9 
Ja +b Sa +e 
9 9 
" a ; h? 
cos’ a’ = ———, and sin?«’ = ———_~; 
a’ +b ai+b: 


n 


multiply the latter by a’, and the former by 0’, then, by 
subtraction, we have 


ab? — al’ 


a’ sin® a’ — 8? cus’ a’ == ———_— — = 0), 
a+ bh 
In the same way, 
cara se 5h Ac ab—ah 
a” sin” a — b° cos’ a = ————— = |), 
ar +t be 
Also, 
97% 
ok : r Aah 
2a° sina sina’ — Qh COS @ CUS a! == aS ee 
a’ + b- 


Tlence we see the terms involving 2° and 7” vanish, and if 
we substitute in equation (2) the value of the coefficient 
of xy, just found, we have 


_ e+ 8? 


Fo ttt eeseeetesenseesees (8). 


The equation which contains the rectangle of the variables, 
and the known quantity ore. is called the equation to 
the hyperbola, referred to its asymptotes as co-ordinate axes. 

(58.) Ifthe hyperbola be equilateral, then 


a=b, anday= > 
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(59.) If we wished conversely to determine from equation (2) 
the angles « and «’, so that the terms involving a and y? 
should disappear, we have then the following conditions :— 


@ sina’ — bcos*a’ = 0, a’sin® a — b?cos?« = 0. 


b 
From the first of these we have tan ¢’ =+ a 


b 
from the second tan « == os 


This shews, that if we tako «’ for the angle whose tangent 
b 
is +—-, we must take « for the angle whose tangent is — ra 


Therefore, the new axes, with respect to which the equation 


is brought to the form ay =k’, are the asymptotes of the 


; at bh 
curve, where &? is put for — 





: , , Ke? k° 
It is clear from this equation, or y = = eS —, that 


e 


as wo increase x the more is y diminished; and if we suppose 
az to be greater than any assignable quantity, y will become 
lens than any assignable quantity, and conversely; so that the 
new axes have the characteristic property of the asvmptotes. 

Let 6 be the angle LDK, which the asymptotes make with 
each other; then, multipling both sides of the equation 
ay =k by sine, we obtam 


ry sinG = k'sin€é. 


Now, if P bo any point in the curve, MP and MD the 
co-ordinates of this point, parallel to the asymptotes, then the 
parallelogram DMPQ has for its area 


DM .PH = vyosin$; 


this is equal to k’sin. which is a constant quantity, and is 
independent of the position of the point p. 

Therefore, all parallclograms described upon the co-ordi- 
nates parallel to the asymptotes are equal. It can be easily 
shown that this constant area is equal to half the rectangle 
DBEC contained by the semi-axes, for G = 22’, 

E 3 
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ws Bile = bIN Qe’ = Qsina’ cosa’: 


a : 6 
by art. 57, cos a’ = SS. BIN a = ——— 
ath / a? + by? 
2ab 





' SIDS c= Qsina’ cosa’ = 


Ja + b 
av+e, 
“. eysinG = ——— - sin 6 becomes 


sysin 2 a? + b 2%ab __ab 
ty sine = — ro ae 

To the extremitics of the minor axis draw the lines BC, 
BD, AC, AD; the figure thus formed, having its sides parallel 
to the asvinptotes, 15 four times the area of the figure DIBI’, 
constructed on the co-ordinates of the pomt A. 

Therefore. it from ans uumber of poimts in the hyperbola, 
lines be drawn parallel to the asymptotes, and terminating 
therein, the parallelogram so formed will all be equal to 
each other, and to half the rectangle of the caren pemi- 
axes. 

(60.) To find the equation of the tangent to any point of 
the hyperbola referred to its asymptotes. 

Let 2”, y”, be the co-ordinates of the point P; a’, y’, the 
co-ordinates of another point in the curse; the equation to 
the hyperbola being 


al) ee eoenseczes rrr ererrrreree rere (1). 
The secant will be represented hy 


yay? =2 4% (v9 — a’)... ah s€2); 


and a’ y’, and 2’ 7/’, being both puints in the curvo, 
ay’ == );? Peoesesaaseeoegpeeersseeaereseoageesee (3), 
ay" — Fe COCR ere ee eee tEeH eee tEHseneeH (4). 


ANALYTICAL GEOMETRY, 83 


T'o find the coefficient | subtract (4) from (3), and 


we havo wy! — ay” = 0; and adding y 2’ and subtracting 


v’y”, which are identical, we obtain 
ay’ (/ _ y) ae yf” (2 a 2") = (), 


yy" yf” 


"oo — x” a 





the secant therefore becomes 
ve 


yy" =-5 (t — 0”). 


Now, in order that this secant may become a tangent, we 
must suppose 2 = 2, and y’ = y”, 


yy" 


ym yl ee, (ee 
Cae 57 C ) 
is the equation to the tangent, 
’ ve , + 1 9 a 
Or yy Efe y= 207 = = (a + U*). 


(61.) To find the area of a parabola. 





pr? = Lamp vecereeee (DY 
PN* = 4a’. MP..... weee (2)h 


*, put — PN* = ta’ (mp — MP), 


by the equation to the parabola, 


or (pr + PN). (pn — PN) = ta’. Na, 
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pen see PN? 
pn +PN.Ma = MP’ Nn, from (2), 


PN? , 
. MP.Mm = ———__ _Nn, (ultimately,) 
pn + PN . 
. PN. N? 
—_- ave t, 
2 
1 


or the rectangle Pm =- Pn; 


~~ 


e 


2 


and so on for any other rectangle; therefure the space Anp is 
double the space Apm, 


i 
or Anpm =SApm; «. Apm= 6 Anpm, 


s) 
or ANp = 5 Anpm. 


2 
Hence, the parabola is 5 of its circumscribing rectangle. 


t 


To find the sfrea of an Ellipse. 


(62.) The area of an ellipse may be found from the constant 
ob 
ratio —, of the ordinate of an ellipse to that of the cirele 

a 


described upon the major axis. 

Conceive any polygon whatever to be inscribed in a circle, 
of which one of the sides is MM’; from M und M’ let fall 
the perpendiculars MP and M’P’, these perpendiculars cut 
the ellipse in N and N’; jom NN’, and we thus obtain a 
polygon inscribed in the ellipse, of which NN’ is one of 
its sides. 

Let ¥ and Y’ be the co-ordinates of the points M and M’, 
and y and y the co-ordinates of the points N and N’, cor- 
responding to the same abscissa a, 2°; the trapeziums 
MM’PP’, NN’PP’, give 


Y + Y’ 


t y" 
ad v— x’), 


MM’PP’ = (2 —2), NN’PP’ = 
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NN’PPO y+y 


ea ENE 


"* MM’PP’ Y + Y” 


Now, since, by art. 39, 





yee gan 2 ye 
ma ee es : 
y+y _ 6 


b] 


"Y+yY'" a@ 
NN’PP’ 5 


" MMP’ a 


In the same manner, each of the trapeziums which com- 
pose the polygon inscribed in the ellipse, is to the cor- 
responding trapezium of the polygon inscribed in the circle 
as bis toa; hence, we conclude that the sum of all the first 
trapeziums, or the polygon inscribed in the ellipse, is to the 
second polygon in the same ratio, or 


p and P being the polygons respectivcly. As this relation 
ig true, whatever be the number of the sides of the two 
polygons, it is true in their limits, which are the areas of the 
ipse and circle; hence, if s and S be the respective areas, 
we have 


8 b i, 
—_=—, ors=—.S§; 
S a a 


mut w represents the ratio of the circumference of a circle to 
its diameter, or the area of a circle whose radius is 1, +a? ig 
he area of a circle whose radius is a, and, consequently, 


b b r 
sa —-.S=>—7t=cah, 
a a 


which equals the arca of the ellipse. 
b 
Vor the hyperbola tho same relation s = 7S obtains, 


s being the area comprised between the curvo and any chord 


56 ANALYTICAL GEOMETRY. 


parallel to the second axis, S the corresponding area of an 
equilateral hyperbola, described upon tho first axis. But 
this does not enable us to find the areca of the hyperbola, 
since we must at first know that of an equilateral hyperbola. 


On the Right Line, Circle, and various properties of the 
Conte Sections. 


(63.) In the note, page 16, it is shewn that the length of 
the perpendicular from a point 2’y' on Aw + By + C = 0, is 


Aa’ Ag +h y+ a 
5) Rea + B: 


by this we can shew that the length of the perpendicular from 
ay on the lme acose + ysing —p = 0, 18 


a cos% + y/SiIna — p; 


for ————_——= oF + — 
\/ A! + B / A> + Be ne + Fe 
is of the same form, since we may take 
A B 
Sz, and —————— = Sine 
/ A? + B J Ai + BF 


as thev satisfy the condition cos’a + sin?« = I. 

This is useful in solving a large class of problems. 

Given the base and arca of a triangle, to find the locus of 
the vertex *. 

Let the equation of the given base be 


zcosa + ysinz —p =O), 


and acosa + ysina —p is the length of the perpendicular 
from any point 2. y, on the base; if the given base = a, and 
given area =m”, the equation of the locus 1s 

2m" 


reosa + ySiNa —p=—> 
a 


since the perpendicular of any triangle equals twice the arca 
divided by the base. 


“ See Salmon’s “ Conic Sections,” page 41, 
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(61.) The equation of a line bisecting the angle contained 
by the lines 
acosa + ysina —p =, and ecosB + ysinB — py’ = 0), 
is 2cosa + ysing — p= cosh + ysing — p’, 


which represents a right line passing through the intersection 
of these two lines, for it is evidently the equation to a right 
line; and since the co-ordinates of the points of intersection 
must satisfy the two foriner equations, they must also satisfy 
the latter equation. 

(65 ) The general equation to the circle referred to rect- 
angular axes being 


9 0 " 
(c—alP?4+(y—ey=*", 
or B+ y —Qaex—WByte+OP—r=—...... (1); 
every equation of the second degree of the form 


Bayt A Aa Se Dy fo Cee yctervssssaneonpeaaen (2), 


having the coefficients of 2 and y either unity or equal, and 
not containing the rectangle wry of the vanables, is the 
equation ta a circle, 


Comparing (1) and (2). 


—Qe =A, —~23=—B, anda? +hP—r=—C, 


A B 
a=— 5, P= 
r= Jai t+ & oY fea ee 


replacing a, 8, 7, by the above values, 
A 3 B 3 A” + B? 
levt tl aiese) Atte 


Or by completing tho squares in oquation (2) we obtain 
the same result, thus 


e+tAr+y + By=—C; 
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completing the square in each, 
: A \? 
#+act+(>) +7 + Ba + ( 


B 
2 
A \? B\? A?+3B 
or +(#+ 5) +(¥+5 = A - 6... (8). 
Examples. 
sacchias Q2e°+2y—3e%7+4y—1=0, 


2, a Oe 1, 
LY HSE ey = 


» 


putting the equation in the following form, 


” ” ] 
2 —— + yy + 2y=>5, 
complete the squares, 
‘ 3D 3\7 i ‘ _ 4 i ] 
a ——2 +4 (2) + y tty tl= Gt Bags) 
HW) 16 8 38 1 oe 
=e tiatig=is (277) FOF =a 





which is the equation to a circle whose radius is v 
’ 3 
and the co-ordinates of the centre — and — 1. 


Since A, B, C, may be any quantities whatever, we may 
. AZ 4+ 2B? : ; 
sometimes have oes aa C = 0, or indeed negative. 


If it be equal 0 then the circle is reduced to a point, and 
if it be negative the radius is imaginary; thus, the equation 


42° 4+ 4y*— 1Q2— 8y +13=0 
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: : 3 
represents a point whose co-ordinates are 5 and 1, for it can 


be transformed into 
(#-5) + (y¥ — Ll) = 0. 


The equation 2? + y+ 4@—2y4+7= 0, 
e+4r+y—2®y =— 7, 
completing the square ; 
@+der+apty—Qy+l=44+1-—-T=—2 
(e+ 2) +(y—1/P=— 2, 


an equation of which the first member, being the sum of two 
positive squares, cannot be equal to a negative quantity. 


(66.) In the parabola, if PSP’ be a chord through the focus, 
and PSN = 6, then, page 37, 


SP and SP’ : 
ee d SP = ————__ 
1— cos@ Ll + cos @ 


1 ] 1 — cos 6 1+cosd 2 





ee a “9 


spt sp 
where / = 2a = half the latus rectum. 
(67.) In the parabola, the parameter of any diameter = 4 
times (distance of the vertex of the diameter from the focus). 


The parameter is the double ordinate passing through the 
focus. 


sge 24 gg 
1 + cos ASQ 1 + cos(* 4- gsx) 
20a 
~~ 1 + cos (w + ASQ) 
Qa 


~ 1] —cos AS 
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w ASP 
w == ASP + 2(* — ASQ), ar ASQ => a ree 

ASQ = % je ASP 

e & — Q 2 3 

da 
= ———_———- = 4SP. 
9 , ASP 
COs~ 





i) 
rad 


(68.) Find the area included between the parabola y= 4aw 


and the straight line 2» + a. 
Since =a gives y= 0, we see that the given line 


passes through the focus of the parabola; P 
and because the coeflicient of w ip 1, the ] 


line makes an angle of 45° with the axis re of 
ar ae a... 


- 


of x. 
lence, in the figure, 


APP’ is the area required, 
and Z PSN = 45°, Bee 
SN = PN, and SN’ = P’N’, 
Now, APP’ = ASP + AS?’ 
= APN —SPN + AN’T’ + SP'N’ 


9 l 
= 5 (AN.PN + AN’. P/N’) 5 (PN P’N”). 


Find x from equations 7° = tus 
aud z=y+a, 
we get Y =(w@—af=dag, .. 2—bar+a?=0 
em Bate /2.a = (3+ WB2K1) a, 
*, AN = (58284), AN’ = (01716) a, 
and y=a2—a, .. PN=4:-8284, P/N’ = (08281) a, 
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9 


| AP= x +a? {(5°8284) (4°8284) + (0°1716) (0°8284)} 


= 5 4" {(4°8281)* — (0:8284)"} 
= a’(18 8012t — 11°31860) = 748761 x a’. Answer. 


(69.) Draw a normal at the extremity of the latus rectum 
of a parabola whose equation is y* = 4a (« — a), and find its 
distance from the origin of co-ordinates. 

If 2=a, we find from the 
given equation that y= 0; there- 
fore, the curve cuts the axis of z 
at a distance a from the origin. 

If «<a, then y is impossible;  ___ 
therefore, no portion of the curve 
lies to the left of (a, 0), that is, A. 
Hence, A is the vertex of the para- 
bola. Transfer the origin to this 
point, and we find 9? =4 aw’, 


since 7’ =y and a’ =2—a, 


therefore X, that is, the old origin, is the foot of the directrix. 
To draw a normal, then, at the extremity of the latus rectum, 
tuke SG = SP = 2a, and join PG; this is the normal required, 


for Z SPG = Z SGP = Z GPa. 
Join XP, then this is the distance of the normal from tho 
origin, and 
XP = ,/SP? + XS’ = \/8AS? = 2/2. 


(70.) Find the locus of the intersection of two tangents 
to a hyperbola which meet one another at right angles. 

The equation to the tangent to a hyperbola, in terms of 
the angle which it makes with the axis of a, is 


y= mee a/ mia — J’; 


consequently, for another which intersects this at right angles, 
ive get 


| a a ; 
y¥=r~——2 ——6 
323 vit} 
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Now, this equation becomes 
MY +e + ry a a? — mb, 
my +imry + P=av— ms ...... (1); 
and from the first equation 
y¥—-me= > iS mae — b, 
PP —Qmrey t+ meena — Wo... (2); 
adding (1) and (2), we get 
(y? + 2%) (m? + 1) = (a? — 8) (m? + 1), 
,P+yfoa— Pp’. 
Hence, the locus is a circle whose centre is the centre of 
the hyperbola, and radius = Sa — v. 


(71.) Shew that the parameter belonging to any diameter of 
a parabola varies inversely as the square of the sine of the 
angle at which the corresponding ordinates are inclined 
to it. 


Let Pa’ be any diameter, 
SP its parameter, PT a tan- 
gent at its extremity, « the 
angle at which the ordinates 
to P2’ are inclined, and, 
consequently, PTS = «. 

Then we know that it is 
a property of the parabola 


that TPS = PTS =a, 





', PSN = Qa. 


SN : 
Now, oc cos Qa = 1 — 2sin’a, 


and SN = AN — AS = AN + AS — 2AS = SP — 2AS, 


SP — 2AS8 ‘ : 
ee 1 — 2sin?«, .. AS = SP sin’, 
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AS 1 ; : 
or SP=-—>, .'. SP X-———, since AS 1s constant. 
b1n* a Bll” a 





(72.) If CP’, CQ’, be diameters of an ellipse, making angles 
a, ®, respectively with the axis major, then 
CP’ _ a’ __ a@sin’B + b? cos? s* B 
CQ?” a” a®sinta + b sin’ 





Let zy, x’y’, be the co-ordinates of P’ and Q’ respectively, 
then z= a’cose, and 2’ = a’ cos, 
yma’ sing, y =a’ sing; 
therefore, substituting in the equation to the ellipse at the 
points zy, a'y’, 
a’l? = a’ fa* sin’? B + b’ cos? BR, 
a*h" = a” {a* sin?a + b* cos’ BR}; 
or dividing the former by the latter, 


1 a”? a? sin? B + Lb? cos? B 
ee a ee a a ae 

a’? a’ sinte + b* cos? 
a’* a sin? 8 + b? cos* *B 


‘@W"~ a sina + bcos? 8 


(73.) From any point P in an ellipse draw the ordinate PN; 
joi P and the centre C of the ellipse, and also N and the 
extremity B of the conjugate axis. ‘The locus of their inter- 
section 0 is required. 


Let 2’, y’, be the co-ordinates of P, 
then 


4 
— 
, 


y=" 


is equation to PC ......5 (1), 





md y=—setd 


is equation to BN ......... (2), 
ay = — ba + be’, 
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vy ee b) as bar, 


¢ har ad 
Drag on fii 
y—b (y — 6)’ 


and from (1), ay = 27/ 








Also, since 2 y’ is a point in the ellipse, we have 
aty’* + bat = a®l?; 
substituting ay? + b? x? = a? (y — b)* 
=ey—IWby+aVv 
=ba+Re@y=a'l*, .. locus required is a parabola. 


(74.) At what point in an ellipse is the angle formed by the 
two focal distances greatest ? 


Let P be the required point. 


Lsrn=a (ZN 
8 0) Nu 


CN=2%.NP=y. 


Now tan 9 = — tan (PHS + PSH) 


os tan PHS + tan PSH 
~ tan PHS. tan PSH — 1 





” 4 
ae — 2 ae+ezx Qacy 
=— 2 es 
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which must be a maximum when 
Y—-vWe+2e°=0; 
t.¢., When 2? + 7? =a’e? = CH’. 
But 2? + y? = CP? = CH’, ., CP = CH. 


Hence, with centre C and radius CH, describe a circle cut- 
ting the ellipse in P, this will then be the required point. 


(75.) The area between two normals to a parabola at the extre- 


20 a . 
mities of a focal chord and the curve = Fanta e 6 being the 
OSM vw 
angle which one of the normals makes with the axis. 


Let PP’ be the chord, 
PQ and P’Q the normals, which, 
since PP’ passes through the 


focus, are at right angles to one 
another. 





Take w, 7, the co-ordinates of P and 2’, 7’, those of P’; also 
the angle PGS = 6, a 2. SPO = 6. 


Now, 
Q 1 
area APP! = 5 {ay + 2 y'} + 5 {(a—#)y'—(@—a)y} 


l , cs a 
=, fry teytt+ styt+y7} 


= +y 345 sly tay} 


since ay and 2’y’ aro points in the parabola. 
But y= Pssin2$, and PS=a+r=R2a + PScos PSG 
= 2a — PScos 284, 
2a _4 


1+ cos2@ cos? 


and 7’ = P’S.sin 28, 


. PS= 
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Likewise, P’S = 2a@ + P’S cos 28, 


p’s 2a a 
a a= = Oe OSS? 
1 — cos 29 sin-§ 


. y= 2atan$, and 7’ = 2acot?, 


° APP’ = sin ~ ftan’9 + cot?d} + a* ftand + cot } 


_& <i 6 + cos" + 3sin® Acos” *} 
Sao oe piscina aes 


sin'@ cos’ 
_@ (sin’d + 2sin’Acos*6 + costb a 
=a sein t= Jum'O 0038 
Again, 
APQP’ = — Q = PP’ = PP’sin8 2 PP’ sind cose 


1 9 Pon # enw . 
= = {PS?+ 2PS.P’S 4 P’S*} sin8.cos6 


_ @ fsiné Q cos 6 | 
—~ @ Leos'@ | 5m8.cos@ sin’ Of 


__ a fsinté + 2s5in*Acos’é + oe | a 
—~ Q l sin'6.cos'6 2¢in'6. sin’6. 
therefore, the areca 
ce a 1 
APQP’ = APP’ PQP’ = (= eee 
Q EQ 3 7 2/ sin'8.cos'8 
o 5a 20a" 
~ 6sin'@.cos'@ 8. (Asin'@. cos'8) 
_ 20a" 
~ §5in' 20 
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EQUATIONS OF THE SECOND DEGREE *. 


(76.) The general form for equations of the second degree, 
being those in which the ordinates zy are involved to the 
second power, is 


A#?+By+ Cay 4-az+by+e=0, 


wherein each of the constants A, B, C,a,b,c, may be either 
positive or neqative. 

Let us, in the first place, transfer the equation to two other 
rectangular axes parallel to the original ones, and having 
their origin at a point whose ordinates are zy’; and (24) by 
substituting 2 + wv’ and y + 9’ for 2 and y, we shall find the 
corresponding equation to be 


A(@+Reaet+a-l+ Bly + 2y¥yt+y'’) 
+C(tyt+yu+ay +xy') 
+alote’)+b(yty)+¢e=0; 


which, arranged for z and y, becomes 


Av? + By? + Cry 
+(QAL+ Cy +alz+ (QBY + C2’ + by 
+ (Av? + BY? + Cry +ar+by +c) =9. 


(77.) The first three coefficients, A,B,C, stand unaffected 
with the new constants, 2’, y’, by which we obscrve that 
they are independent of the position of the origin; and hence 
the position of the origin of any equation of the second de- 
gree depends entirely on the values of the three last co- 
efficients a, b, c. 


(78.) We may now assume the values of the two ordinates 
x’, y, at pleasure, since the position of the new origin is eutirely 
arbitrary ; and consequently, by the principles of algebra, we 
may fultil any two possible conditions which involve them ; 


* See Woolhouse’s “Algebraic Geometry.” 
F 
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let us therefore put the coeflicients of x aud y each equal to 
nothing, viz. :— 

2QAa’ + Cy +a=0, 

2By7 + Ca +d)=—0; 
and thence 

Ch—Q2Ba ,  CamRAb. 


9 


~ 4aAB—c’* ~ fanp—c 
hence also, by substitution, the last term 


Cab—AB~ Ba® 
Ag+ By? + Cay! taal + by +e ——— $03 


or by assuming 


Cab —~ AV —B+cAAB—C)=G, 
it becomes 
= GQ 
~ 4AB—m CF 


The equation 1s thus transformed into 


G 
— | 


Az’ + By? + Cay + ———- = 
BE Ee ee RA 


in which the fourth and fifth terms are wanting. 


(79.) Let us now transfer this equation to two other rect- 
angular axes, inclined at an angle w with the furmer, and re- 
taining the same origin; aud (21) substituting 7 cosw — 
ysinw and asin » + y cus for zand y, we get for the cor- 
responding equation 


A (2' cos?» + yg’ sin? wo — 22 y Cor w Siw) 
+ B(a* sin? w + y” cos® w + 2Q2xy 003 w sin w) 
+ C {# cosw sinw — y? cosw sinw + wy (cos? w — sin’ w)} 


G 


+ 7aAp_— o> 


0, 
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which, arranged for 2 and y, observing that 
cos? w — sin? w = coo2 w and 2 cosw sin w = sin Qua, 


lLecomes 
(A cos*w + Bsin*w + Ccosw sin w) x 


|; (A sin? » + Boos? » — Ccosw sinw) y’ 
+ {Ccosrw — (A — B) sin 2a} ry 


G 
An 


By taking the value of # so as to exterminate zy, 
Ceos2e— (A — B)sn Qe = 0), 


and tan 2 w = rear 


which reduces the equation to 


(A cos?» + Bsin?w + C cos sin w) 2 
+ (Asie + Beus?w — C cose sina) 7 


Gi 


-—— - — = (); 
TAB — 





and henee it appears that every line of the second order may 
be referred to two determinate rectangular aves so that its 
equation shall be transformed into the above form. By 
issuing 


ACOs? w + Boin?w + C cos » sinw = A”, 


” 
Lb, 


Asin w + Becos?# ~— € Cos « sinew 


it becomes 





G 
A” a + B’ y¥ + TAB - ©: a ee eee eee (b). 


(80.) Now if the principal semi-diameters of an ellipse and 
hyperbola be denoted by a’, 0’, and the former be taken for 
FR 
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the axis of x and the origin at the centre, their equations will 
be as follow: 


Tor the ellipse, 
x /2 
mE + 7 1, or U7 2? + ay? — a? hb? = 0; 
and for the hyperbola, 
rv ¥ 
ab" 
the under sign representing the conjugate hyperbola. 
The signs may be all changed if necessary. 
By means of these two equations and the foregoing trans - 
formed equation, (4), we deduce the following particulars re- 


lative to the general equation. 


=+ lor l?2 —a® xv Fa? b?=0%, 


(81.) 1st. When A’, B”, are both negative, and G, AB —C? 
have the same sign, the equation determines an ellipse; and 
when A”, B”, are both of them positive, and G and 1AB—C? 
have different signs, the locus is also an ellipse |. 


(82.) 2nd. When A”, BY, are of different signs, and G not 
= (), the locus is an hyperbola. 

(S3.) 3rd. In each of these cases the squares of the prin- 
cipal semi-diameters are equal to 

+G +G 
A” (1AB—C*)’ BY’ (LAB — C’)’ 

the under sign being for the ellipse, and cither sign for the 
hyperbola, 

(81.) 4th. The valucs of G, A”, B”’, are determined from 
the equations 

G=Cab—Al? — Ba + ¢(LAB—C?) ........ (1); 

C 


tan Q me lt we @ree p 9 
A” = Acos?w + B sin? w + C cose sine (3) 
B’=Asin2w + Beosta —Ccosasinwf 


* For the immediate values of A”, BY”, see article 103. 
+ The conjugate hyperbolas have the conjugate axis of the other hyper- 
bolas for the transverse, and transverse of the others for the conjugate. 
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wherein w is the angle included between the original axis of x 
and the principal diameter of the curve. 


(85.) 5th. The position of the centre of the curve is 
determined by 


Ch—QBa Ca—2Ab- 


se —e Y = Tee 


(&6.) 6th. When the equation is of the form 
A®+By4+Cay+e= 0, 


wherein the fourth and fifth terms of the general equation are 
wanting, we have a=0, b= 0, and thence 2’ = 0, y' = 9, 
Which therefore shews the origin to be at the centre of the 
curve. ‘This agrees with equation (@), article 7&, where the 
origin is transferred to the centre. 


(87.) 7th. By adding the equations (3), article 84, we find 
A’ 4-B’= A+B. 


Ilence we see that, whatever be the position of the axes of 
co-ordinates, the sum of the coefficients of 2 and y? will be 
the same. 


(88.) 8th. When G = 0 and also A” and B” of different 
signs, the general equation defines a straight line. 
For in this case the transformed equation (6), article 79, 
becomes 
A” 2 + B’y? = 0, 
which gives 


y AY 
—~=— + ——} 
Lx — J B” 


and this valuc is real when A”, B”, have different signs. 


(89.) Oth. In the two following cases it will be found that 
no real values of x and y can possibly fulfil the equation (4) ; 
and consequently that the equation can have no locus. 

First. When G and 4AB — C’ aro of the same sign, and 
A”, B”’, both of them positive. 

Second. When G@ and 4AB — C’ are of different signs, and 
A”, B”, aro both negativo. 
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(90.) 10th. When G =0, and 1”, BY’, have the same sign, 
no real values of wand y ean satisfy the equation (J), eveept 
the particular case of «= 0, y= 0. In this case, therefore, 
the locus is the single point corresponding with tho new 
origin wv’ 7’, 


((1.) 11th. It appears that by changing the position of 
the origin to the centre 2’ 7’, the equation 


AXY+BP+Crytaetby +e=0 
is transformed into the form 
AY+ BY + Cry tht, 


z (3 
wherein A = —-——— - 
PAB — CG? 


Also, that by tahing two other aves of co-ordinates mahing 
an andle « with these, so that 
(' 
tan’). = —-—-~, 
A—L 
the equation 


Ar+By + Cauva hat 
becomes of the form 


A’ r + BY 9? + h — (, 
Wherein A” + 3B’ = 1 -+ Band the constant his unchanged. 


(92.) I2th. Let 2’, yy’, be the two semi diameters of the 
curve 
Av +DByf4+ Cry +h=0, 


Which coincide with the axes of co-ordinates ta which it is 
referred, and they will be determined by tahing first 7 = 0 
and then @ = 0 in the equation, the results being 


h h 


, , 
ame — ye - 


A LB 
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Let also a’, b’, be the principal semi-diameters which coin- 
cide with the axes to which the equation 


A’ 2? + BY y? + h=0 
appertains; and we similarly have 


h h 


a” = 


RO ay 
Hence, as A” + B’ =A + B, we have 


l l l 1 
eae ae ee 

That is, the sum of the reciprocals of the squares of any 
two semi-diameters of a curve of the sccond order, which are 
perpendicular to each other, is the same; and, in reference 
to the general equation, is = 


A+B A+B 





h G 





(4A B — C’). 


(93.) When 4AB— C? = 0, we have (55) 2’, y’, both of 
them infinite, which shews the centre of the curve to be 
infinitely remote from tho origin. It becomes hence neces- 
sary to consider this case separately. 

Let Av’+By4+ Cry +ax+by+e=0 


be the general equation, in which £AB— C* = 0. 
Then, transferring the origin to a point 2’ y’, the cor- 
responding equation (76) 1s 


Az’ + By + Cary 
+ (2Aa + Cy +ale+ (QBy + Ca’ +b)y 
+ (Az? + By? + C2’y’ + a2’ + by +e) =0. 
Let vy’ determine some point in the curve, so that 


Az”? + By? 4+ Ca’y’ + ar’ + by’ +c=—0, 
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and the cquation becomes 
Av®+ By + Cry 
+(RAZ’ + Cy +ala4+(QBy + Ca’ + b)y=0. 
But, since 4A B— C? = 0, and .’. C = 2 / AB, we have 
A+ By + Cry = (t/A + y/ B). 


Hence the reduced equation is equivalent to 


(t JA + y J/B)? 
+(2A2° 4+ CY + a)2 4+ (2BY + Ca’ + Diy =0. 
(94.) We shall now, as in article 79, transfer this cquation 
to two other rectangular axes proceeding from the same 
origin, and making an angle, «, with the former; and, (eq. 4, 


p. 36), putting ecosw — ysinw and xsinw + y cose for candy, 
the resulting cquation is 


f(cosw ./ A + sinw ./ B) a — (Sinws/ A — coswr/ B)y}? 
+ {(2Aa’ + Cy + a)cosw + (2By + Cx’ + b)sinw} a 
Let w satisfy the condition 
cosw./A+ sinw /B= (0, 
which will give 





A B ‘ A 
tanwu=— J, COs w iN a Ue No ay 


and thenco 
sinw ./ A—cosw./ B= ./(A +B); 
(QAz + Cy + a)cosw + (2B + Cz’ + b)sinw 
_ af B- bJSA 
/(A + B) 
and (2QAz’ + Cy’ + a)sinw — (2By’ + C2’ + b)cosw = 
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aa! /A(A +B) + 2y \/BlA +B) + SYA TIVE 
# SAA +B) +2 /BIA +B) + —“~ 


The equation thus becomes 
a/B—OVA , 
/ (A +B) 


af/A+b/B 
aa 


(A + B)y’— 


—2y(A+ Be vaty VB+ 


(95.) We have (93) assumed ay’ to determine a point in 
the curve, but not restricted ourselves to any particular 
point; we may, therefure, take this pvint where the curve is 
intersected by a straight line whose cquation is 


A+b/B 
BSA tyy3+ ie = 0), 


by means of which we shall have 


; ; A+) /B 
a JA+ty v4 ee =U, 


which reduces the cquation to 


a/B—b/A 
A+ B)y/ — ————__ .2z= 0, 
(A + B)y J(A FB) 
ee au 
(A + B):3 
But the equation of a parabola, whose parameter is p, 
taking the origin at the vertex and the principal axis for the 
axis of x, 1s 


svecee (€). 


or ¥’ 


yi = pe, ory’ — pz= 0. 


Hence the following particulars :—- 
¥ 3 
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(96.) Ist. When a S/B—b /A not =O, the locus is a 
parabola whose parameter is equal to 
as/B—bVWa 


eT ee 


(A + By! 


(97.) Qnd. According to article 8, the equation 


aJsJA+td VB B 
A B fone — 0 
a ae a Sa Teer ce Th Ya 
defines a straight line inclined to the original axis of v at an 
4 : ; 
angle whose tangent = — Jz and which is therefore 
: B 


equal to w, the inclination to the axis of the curve with the 
axis of «; this line (45) also passing through the vertex 
a’, it Must coineide with the axis of the curve. Therefore, 
the above equation properly represents the proreipal diameter 
of the curse; by uniting it with the original equation, we 
may henee tind the co-vrdinates et’ uw of Its interscetion with 
the curve, or the verter 


(s.) srd. Ifa YB—-L YAH, or a/BHLVSA, 
the equation (¢) gives simply 


Y=, 


which shews the locus in this ease to be a straight line cor. 
responding with the new axis of wv, the equation of which 13 
given (97) 


(99.) ith. The equation LAB — (/ = 0, giving C? = 
+2 / AB, the values of the coustants A, B, must have the 
same sign to make C real; that is, they must be cither both of 
ther positive or both negative; and hence we may consider 
them both positive, for, when negative, they can be made so 
by preliminarily changing all the siens of the original equa- 
tion. Tf, pe this consideration, be negative we shall 
have C = — 2 ./ AB instead of + 2 4 AB; in this case, 
the foregoing operations hold good hy either substituting 
— ¥ A instead of ./ A or ~  B for / B, or by considering 
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cither ./ A or ./ B to have a negative value; and tan w will 
A. 
become henco = + J i instead of — 4/ : 


Thus we sce that, when C is negative, tan w is positive, and 
w<—; and that, when C is positive, tan w is negative and 
fad 
Tv 
> 


The foregoing investigations lead immediately to the solu- 
tions of the three following propositiuns. 


'..wo < 


(100.) To express the equations of the principal diameters of 
a curve of the second order, which is determined by the general 


equation. 
The co-ordinates of the centre (85) are 


/ Ch—2Ba , Ca—2Ab 
eo yf = 
1AB—C: JAB— C: 


Let « denote the inclination of one of the principal dia- 
meters of the curve with the co-ordinate axis of #; and (84) 


C 
A— B’ 





tan 2w = 


from which 
sec 2w — | gine ee eS) 


tan w = ——— = 


tan 2w C 


Now the diameter being inclined to the co-ordinate axis of 
a at the anglo «, and also passing through the centre 2’ y’ of 
the curve, its equation (13) is 
y—y = («#— 2’) tans, 


Hence, by substitution, we have 
Ca—2Ab | 
Y~ FAB 
Ch—2Ra {(A— B)? + C*} —(A—B) 
ae ee 
for the equation of one of tho principal diameters. 
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The other diameter passing through the centre 2’ y’ per- 
pendicular to this, its equation (15) is 


Ca — 2Ab a 
Y~ TAB_ OG 
C4 — 2Ba C 
= (Se va 
4A B—C’ {(A — B) + C?} — (A —B) 


or, which is the same, 
Ca — 2Ab 7 


— 


4AB—(C 


-(2 —— pe) aga 


~ S£AB—C: ]* C 


(101.) Cor.1. If the origin of the ordinates be the centre of 
the curve, its equation (86) will be of the form 


Av+By+Cry+e=0; 


and we shall have a= 0, b=0. In thiscase, therefore, the 
equations of the principal diameters are 


poi ee eae. g 


J MAB +Ch + (AB) 


and y = — . 


(102.) Note. The equation 


A—B 





tan Q2w = 


* By uniting these equations of the principal diameters with the given 
equation of the curve we may thence find the positions of the vertices. 
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applies equally to both diameters. For, if 2 » fulfil this equa- 
tion, it will also hold good when 2 w + = is substituted ; and 


w denoting the inclination of one of the diameters, # + 5 will 
evidently be that of the other. 
» 
From this equation we derive generally 
__ sec Rw— 1 _ ty {(A— BP + C}—(A— B) 
tan 2 C 

the upper sign appertaining to one of the axes, and the under 
sign to the other. 

Thus, by making use of the under sign, the equation (2) will 


become the same as the equation (y), and vice versd , be- 
cause 


tan w 





ay Gao = =(A=B) | a 


=— 1, 


When 4AB — C? = 0, see article 97. 


(103.) The equation of a curve of the second order being 
gwen to find the values of its principal semt-diameters. 


The squares of the semi-diameters are (83) equal to 


+G +G 
A” (4AB— C*)’ B’(4AB — C’)’ 
wherein (84) 
G=Cab—Ab* — Ba’ +c(LAB—C’); 
A” = Acos’*w + Bsin’* ws + Ccose sina, 


B”’ = Asin* w + Bcos’w — Ccose sinw, 


Sad tna Ores 
A-—-B 
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From the last we deduce 


; ] ] ] A—B 

2 wy om —_——— ) = ~ sare JP =< eeerener=s ce 
mee ae +=x50) 3(1+ aaa) 
ee. 1 * 1 A—B 
ints = 5 (1— Soe) a (aay) 


Cc 


COS w SIN w = 


and honce we get 


av eA EBT VA BY + C8} 
es ) — 9 

_A+B—V{(A—B/+C°} 

va ) m 


B” 


These and the foregoing valuc of G substituted, the squares 
of the principal semi-diameters of the curve are found 
equal to 

2 {cab —AB— Ba’ + c¢(4AB—C’) 

“ (LAB— C’?) (A+ B+ 7 {(A— B)? + CR] 

, 2 {fcabh — Al’ — Ba’ +c({AB— C*)} 

~~ (4AB—C*)(A+B— o {(A — B)? + CH)’ 
the under sign being for the ellipse and cither sign for tho 
hyperbola (83). 


(104.) When the origin is at the coutre of the curve (91) 
a= (,6=0; and therefore, in this case, the squares of the 
principal semi-diameters are equal to 


+2c +2e 
A+B+ /{(A—BY+C} A+ B—V/ {(A—BP EC} 
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(105.) To determine the particular description of a curve of 
the second order from the immediate relative values of the con- 
stants which belong to its equation. 


In (81), (82), and the subsequent articles, the different 
cases arc severally stated, throughout the various relations of 
A”, BY’, G, LAB — C’, &c., where A”, B”, are (84) expressed 
in terms of the coefficients A, B,C, by means of the arc w as 
a subsidiary. It is hence only necessary to transfer the rela- 
tions of A”, B”, to those of the immediate coeflicients A, B, C, 
which may be easily cffected from their values which have 
already been found (103), viz.: 


_At+B+Y {(A—B/+C} 
2 


sop er, 


2 


A” 


RY” 


Thus it is evident that, when (A + B)* is greater than 
(A — B)* + C’, the sign of A+B cannot be affected with 
either the addition or subtraction of ./{(A —B)’ + C }, and, 
consequently, that the values of A”, B7’, will both have the 
sume sign with A+ B. But, when (A + B)° is greater than 
(A — B)’? + C*, we shall have 


(A + BYP — {(A — B) + C?} = LAB— C? positive. 


TIence, when {AB — C? is positive, A” and B” will both 
of them have the same sign with A + B, that is, they will 
both be positive when A + B is positive, and both negative 
when A + B is so. 


It is also pretty obvious that, when (A + B)? is less than 
(A —B)*+C’, the values of A”, B”, will have different signs, 
that is, the one will be positive and the other negative. 


In this case we shall have 


(A +B)? — {(A — B)? + C°} = 4AB—C? negative. 
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Thus we see, when 4AB—C? is negative, that A”, B”’, are 
of different signs *. 


Again, under the class 4AB — C? = 0, when the value of 
a/B—b./A =O, we shall have 


2/A(a/B—b/ A) =2a./ AB— 2A =0, 
or Ca —2AU = 0. 


Hence, also, when a,/ B — 6 ./ A not = 0, we shall have 
Ca — 2Ab not = 0. 


By carefully comparing these relations with the articles 
(51), (52), (58), (59), (60), (66), and (68), we find the 
different descriptions of the curve to be as in the following 
arrangement, wherein 


G= Cab — Ab? — Ba? + c (4AB — C’). 


* These relations are also pretty evident from the equations 
A” + BY = A +B, 
4A” BY = 4AB—C?, 
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L14 ANALYTICAL GEOMETRY. 


(106.) Parabola related to its Conjugate Diameters. 
Substitute for x and y respectively, the values 
a+ xcosa + ycosa’, and b + wsina + ysing; 
in the equation y* = pz, p being the parameter, and we havo 
b? + (asina + ysina’) + 2b(esinae + ysina’) 
= 6? + 2°sin?’a + y’sin?a’ + Qrysinasina’ + Qbesina 
+ Qhysind’ = pla + xcosa + y cosa’), or 
ysm’a + z’sin® a + eaeysinasina +h— apy = 0..(1) 
+ (2Usina — peosa)a + (2hsina’ — pceosa’)y} 


That this equation may he of the form y* =a, the 
following conditions must obtain 


sinasind =(), sin*a=0, 2bsinad’ — pcos’ = 9, 
Y,’ 


ANd OF — Ap == Ovresereessceceveceere (2)5 


when these are fulfilled tho equation 
becomes 
2 Pp 


nin’ a’ - 








As the second of the above conditions establishes the 
first, it follows that, to determine «, 2’, a, b, we have only 
three distinct equations. Thus the number of systems of 
axes with respect to which the equation preserves the above 
form 19 infinite. The relation sin « = 0 shews, besides, 
that the angle contained by the old and new axis of # = 0, or 
the new axis of w, is parallel to the principal axis. Therefore, 
in the parabola all the diameters are parallel io the principal 
axis. 

In the second place b? — ap = 0, being that which y*? — p2, 
or y’? — px = 0, becomes when we replace w# and y, for the 
co-ordinates, a, b, of the new origin, we conclude that this 
origin is on the curve. In giving to a any arbitrary value, 
we find from the equation l? — pa = 0, the corresponding 
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value of b, and the point A’ determined by these values repre- 
ecnts the new origin. 


Lastly, the equation 2 6 sina’ — p cos a’ = 0, gives 


tan a’ = Sy ee gldeistoburg neeenens . (4), 


) 
a , Which has been 
found for the tangent to a parabola, which shews that the 
new axis of y is a tangent to the curve. 


which is an expression similar to a = 


By equation (4), 


)” 4b 
tan? as ce ; rer cos” a’ = Soc RET | 
4b 4% + p° 
2 4 b> 


gin’ a’ = tan? a’ cos? a’ = ——, - —-—_——. 
4b° 46° + p” 


=a ee (since b? = pa), 


~P 
" sin? a’ 





=da+p=4 (a+). 


Now, if we suppose AG to be the abscissa of the new origin 
A’ related to the old axes, and we draw the radius vector FA’, 


P 


we know that this radius vector is expressed by a se , there- 


fore 1 = 4 A’F, that is, the parameter of the ii 
sn” a 


related to a system of conjugate axes is four times the dis- 
tunco of the focus from the new origin *. 

Putting p’ for the new parameter, we have the equation 
y’ = p’ ax for the equation of the parabola related to its dia- 
meters, 


2 


The equation y* = p’.w, or A == p’, shews that, for any 


system of conjugates, the ee of the ordinates are propor- 
tional to the corresponding abscissa. 


* This has been done in a different way at page 89. 
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Examples. 


(1.) Let a circle be described, radius R, about a triangle 
formed by three tangents to a parabola, whose latus rectum is 
a, and let z,, #,, v, be the rectangular abscissse of the three 
points of contact, measured from the directrix, then 


2 S cmamal 
aR’ = 2,4, %,. 


(2.) Given the base of a triangle and the sum of the tangents 
of the angles at the base, to determine the locus of the vertex. 

(3.) If an ellipse the greatest possible be inscribed within a 
given triangle, and within the ellipse the greatest triangle, 
and again within the triangle the greatest ellipse, &c., ad 
infinitum, find the sum of the arca of all the triangles and 
of all the ellipses. 

(4.) Given the base of a triangle and the difference of the 
angles at the base, to determine the locus of the vertex. 

(5.) Find the locus of the intersection of the tangent to a 
parabola, and the perpendicular upon it from the vertex. 

(6.) Shew that the locus of the focus of a parabola which 
shall touch a given straight line, and have a given vertex, is 
a parabola. 

(7.) If any two conic sections have a common focus, their 
intersections range upon two straight lincs passing through 
the intersection of the directrices. 

(8.) Given the base and sum of the sides of a triangle, to 
find the locus of the centre of the inscribed circle. 

(9.) Given the base of a triangle and the sum of the other 
tivo sides, to find the locus of the inscribed circle. 

(10.) Tangents to a parabola form a given angle with each 
other; what is the locus of their point of intersection ? 

(11.) A series of circles being described touching the 
double branches of the cissoid; the first also touching the 
directrix, the second the first, the third the second, and so 
on, it is required to determine the abscissa of the point of 
contact of the nth circle. 

(12.) Let seven points in a conic section be connected in 
any order by the successive lines a,, @,, @,... @,, forming any 
closed heptagon; let P,,, be the intersection of a, and a,: 
then the three pairs of lines P,, P;, and P,, Py, P3; Py, and 
ie P,., P,, P,, and P,, P,,, will intersect in the same straight 

ine. 
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(13.) Let 
4? SAO te ROG iO i vie5s hasdccnwesades + (1), 
= a,x°+2be+¢ eoeocsese Poeneenseeseneece (2), 


be the equations to two conic sections; then, if 
(6 — b,)’ = lJ?7— act 2 (b° — ac) (b,” —a, ct, 
an indefinite number of triangles may be inscribed within (1) 
whose sides shall be tangents to the curve (2). 
(14.) If three points be taken in a parabola, the ordinates 





mn ae 
of which are mp, np, and — ; p, the circle which circum- 


+n 
scribes the triangle formed by tangents at these points, will 
pass through the vertex and focus: if the ordinates be wap, 


mn + I 


m+ n 
the intersection of the axis and directrix: if mp, np, and 
mn — I 
m + 2 
the semi-parametcr, and m and » any numbers. 

(15.) If two conic sections, whose axes are parallel, inter- 
sect one another, the lines joining the points of intersection 
are equally inclined to the axis. 

(16.) Any seven points being given, two others can be as- 
signed, such that the thirty-six connecting lines of the system 
shall be tangents ly sia together of twelve conic sections. In 
how many ways can these points be found ? 

(17.) Aconic section is cut in four points by a circle, and 
two lines, each passing through two of the points of intersec- 
tion, are made the axes of co-ordinates, their point of mecting 
being the origin; shew that the equation to the conic section is 
of the form 2° + bay+y+drz+ey+f= 0. 

(18.) Describe a circle touching three semicircles, the 
distance of its centre from the diameter = 2 (its radius). 

(19.) The tangents at the extremity of any focal chord are 
perpendicular to one another. 

(20.) One circle touches another internally, and another 
circle touches both of them; find the locus of the centre of 
this latter circle. 

(21.) In the parabola, if PT and QT be tangents to it at P 
and Q, respectively, intersccting in T and PQ, a normal at Q, 
then will the directrix bisect PT. 


np, and — .p, it will pass through the focus and 


.p, it will touch the axis at the focus; p being 


ead 
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(22.) The locus of the feet of the perpendiculars, dropped 


from the focus upon the tangent to a parabola, is the line that 
touches the parabola at its vertex. 


y-o¥ =F (ea), 


2a 2a2’ 
=-——w — 
y y y’ ? 
p= Jw + ax, pa e+an. 


Let « = o in the equation, yy’ = 2a (wv + ww’), 


and yy’ = 2az’, 





Qa2’ 
yY = y > 
4a’? a’? 
p= +a =az2’ +a’, as before, 





.. the locus is as above. 


(23.) From the vertex of a parabola a straight line is drawn, 
inclined at an angle of 15° to the tangent at any point ; find 
the equation to the curve which is the locus of their intersce- 
tion. 


Let 2’, y’, be the co-ordinates of P, then, since it is in the 
parabola, 


oy? = 4a’ eeneeos eeeove CORP HEHEHE eH EES HOLES O ETOP OLE DOB EES (1), 
equation to the tangent at Pisyy = 2a(a+2’) ... (2), 


LRAT = 45° — RTA, 


bo 
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2a—y7' 


‘, equation to RA, passing through the origin, is 





peste 
Y= apg Boe sieeeceeneoee Sees (3), 
from (2), y/ = (* =) eee eA); 


and from (3), 2ay + yy =2az — xy’, 


or (@ + y) y' =2a(e—y), 


: , t—y 
aK’ =2a (=) A ee ei ee en es 636.00 (5), 
’ 2 4 2 
= Oyen a eee 








By (4), substituting for 2’, y/ = 2a (= rm *) : 


Substituting these values of a’, 7’, in (1), we obtain 
a(a—y)+(2#+y) (a +4") =0, the equation required. 


(24.) Prove that the length of the longer normal to the cllipse 





9 


9 CS 
iS a + ee = 

(25.) Find the equation to the normal to a parabola under 
the form y + 2am = mae — am’, 

(26.) Determine the locus of a point within a plane triangle. 
so that the sum of the squares of the straight lines drawn 
from it to the angular points is constant. 

(27.) Given the base of a plane triangle and the difference 
of the angles at the base; find the curve traced by the vertex. 


(28.) Two given unequal circles touch one another exter- 
nally ; shew that the locus of the centre of a circle which 
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always touches the other two isa hyperbola. Find the axes 
and e, and shew what the hyperbola becomes when the given 
circles are equal. 

(29.) Shew that, by transforming the axes through 30”, 
the equation 


ay=3.042Sf3.ny+y 
belongs to the common parabola. 


(30.) If, with the co-ordinates of any point in the quadrant 
of an ellipse as semi-axes, another quadrant be described, with 
the same centre, the chord of the former will always be a tan- 
gent to the latter. 


Let xy be the co-ordinates of P, 
X ¥ those of T. 


Then equation to the exterior ellipso is 


b 
oe ec @eerceeroscnevseoesesere CoOeeeoosecee 1 ? 
irs eae () 


Yo. ave : ‘ ‘ 
and Y? = i (2° — X°)is equation to the interior ; 


’ 
o4 


substituting from (1) this becomes 


PL ¢@—2’ 





z= — 2 — X? eoece Cceersenostanre 9 
v? =. = (at — x?) (2) 
equation to AB is 
Vata oe 
a 
b b 
LY bm, X= — (A — X) sreresrrsereens (3); 


combining (3) with (2) 





a’ — 2 
2 


(a—xy= (2? — X°‘) 


ANALYTIQAL GEOMETRY. 12} 
w— QaXae*? + aX’? =— 0, 


(2° — axy = 0), 


w—ak =I, 
x2 
X =--> 
a 


Hence the chord meets the quadrant in only one part, and 
therefore a tangent to it, 

(31.) The side of an equilateral hexagon inscribed in an 
lipse eccentricity e, with two sides parallel to the axis 
ajor, is to the side of one inscribed in a circle on major 
is ::4— 26:4 — é, 

Let AP be the side of the hexagon in ellipse, then # and y 
‘ing the co-ordinates of P, and AC = a. 


AP =/(@— a+ ¥ = PQ 
2 2: 
ae (@— x)’ + y= 42", 
ymA4x—(a— 2)? = (1 — &) (a? — 2”) by the ellipse, 
(4 — 6?) a + 2a% = (2 ~ &”) a’, 


e ) — g2 
xa a—e , 


2 — 
H —_ & = 4 
7 a 4 —e > 








2a a’ 2— e 1 


ae” + Gay Ue t Gay 


8 — 4e® — Qe? + ef + 1 
= (4 — e)? 


9 — 6e2 + e 


—“Gaer * 


122 ANALYTICAL GEOMETRY. 


3— e 
4—¢2? 4—¢ 


retro @nl, sol 
— 4m e = (7-3 i 


7. @+ 


a, 


2— 
AP = 2a = side of hexagon = 2a ——=) ’ 


and side of hexagon in the circle on major axis = a, 


YAP: a~—4 — 4:4 — é. 


(32.) If e, e’, radii vectores, be at right angles to each other 


J 1 1 1 
from the centre of an ellipse, = + — = nat Ree 
e 3 


ey + bx = a” b-, 





° 2 a” 6 
"8 " G' sin® 0 + 8? cos? 6’ 
9 A 
f a’ b? 
and ¢’* = 


a? cos* 6 + & sin* 6’ 


1 a? sin? 6 + 0&7 cos? 6 = Lb? — (b? — a*) sin’ 6 





e a’ b a a* b+ : 
a* + (0? — a*) sin’ 6 
also 7 = aR ; 
1 1 a + & 1 1 
aR ee Kate 


(33.) If two parabolas have a common axis, a straight line 
touching the interior, and bounded by the exterior, will be 
bisected in the point of contact. 


(34.) If C be the centre of an ellipse, and in the normal to 


any point P, PQ be taken equal to the semi-conjugate at P, Q 
will trace out a circle round C. 
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(35.) An cllipse has a square described, touching it at the 
extremities of the minor axis; an ellipse upon the major axis 
circumscribes this square. ‘This ellipse is dealt with in the 
same way as before, and these operations are continued till 
there are (n + 1) ellipses altogether; prove that if the original 





eccentricity equals A/ a the last ellipse becomes a 
circle. 

The side of the square must evidently be 22, and if 6, = 
seml-minor axis of the first circumscribing ellipse, 


: Bat fo 
. =e ; 


a’ b? = b,’ fa’ — b°}, 





But if this last ellipse be a circle, 4,7 = a’, 
., a? — nb? _— b?, 
(1 +») = a’, 


Ge 1 
a uUls+lTN 
1 





on 
aia, ee a eis es 








be 
Bute? = 1 — == 1 
ar 





G2 
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(36.) If y? — 2? =a’, and 22’y’ = a’, represent the same 
curve referred to rectangular axes with the same origin, find 
the angle the axis of one system makes with the axis of the 
other. 


Let 6 equal the angle required; then, since 
“Z= £0080 — ysin 8, 
y = 2sin§ + ycos6; 
therefore, substituting in the first 
(asin 8 + ycos 6)? — (xcos 6 — ysin @)? = a’, 
or (2 — y’) (sin? 6 — cos*@) + 4zysin 6 cos 6 = a’, 
and this is to have the form a? = 2zy, 


-, sin?6 — cos?8 =U, 2sindcosé= Il, 


1 
or sin?@ = cos?6, and sin 6.0098 = 5’ 
T 
° daly ag 


(37.) Shew that a conic section ia the locus of a point whose 
distance from a given point is a linear function of co-ordinate 


of the former point. 


r=A-+ Ba + Cy, 
ro=e+y=(A + Ba + Cy)’, 


an equation of the second degree; therefore, that to a conic 
section. 

(38.) Shew that the angle between two conjugate diameters 
in an ellipse can never be acute, and the angle between 
any two conjugate diameters in the hyperbola can never be 
obtuse. 
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If y be the angle between the conjugate diameters, 


y =m, 
y= me, 

ne! — m 

om a ace) 1 + mim’ 

and this in the ellipse 
‘ied 
(3 ‘5 —3) 
= ai 


and is negative; therefore y is obtuse. 


9 


b? 
In the hyperbola, mm’ = P therefore, » and m’ have the 
same sign or the conjugate diameters lie in the same quad- 
rant; therefore, the angle between them is never obtuse. 


(39.) In the hyperbola, if the straight line joining the points 
of contact of two tangents which intersect 1n a point (hf) 
(external) always pass through the focus, tind the locus of 
the point. 


The equation to the line joining the points of contact is 


aky — Phr=— ab’, 


Pe, y=0; 


thertforé, substituting — b’hae = — vd’, 


a 
or haema, h=- 


’ 


e 


therefore the locus is the directrix. 


(40.) Find the condition that the curve az” + bey +cy?=d 
may have an asymptote. 
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(41.) Find the equation to a circle referred to two tangents 
as co-ordinate axes, and obtain also the equation to the tan- 
gent to the circle thus referred. 

Let Az, Ay, be the co-ordinated axes, P any point of the 
circle whose co-ordinates are x, y, and c =the radius of the 
circle whose centre is C. Join CP; then 


(@—e/ + (y—ePee, 
or, @ + y¥7—R2ce(*#+y+c? =I, 
is the equation to the circle. 


Again, from C draw CV parallel to Az, meeting the tangent 
PT at the point P, in V and draw PN parallel to Ay, then 





LPTA = ZCPN, and tan PTA = — tan PT 2, 
tam PT a2 = ~~, 
y—C 


consequently the equation to PT passing through the point 
P(2,y), 3s 
t— 





Cc 
pearl teeta 

or, (Y—y) (y—¢) + (X— 2) (@—c) = 0, 
which is the equation to the tangent. 


(42.) In an ellipse, if a be the vectorial angle of the point 
of contact referred to the focus, the polar equation to the 
tangent is 

a(1 — e?) =r {ecos9 + cos(6 — 2)}; 
hence, shew that the straight line joining the focus and the 


intersection of two tangents bisects the angle between the 
radii vectores of their points of contact, 


ASP =a, 


Yr-yu- 


If.2 be the abscissa of P, the point of contact from the 
centre of the ellipse, 


SP=a—ew a* ae.SP 
‘ecm a—SPI 
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w@ 
~t 


® e 2 e ] e 
The equation to a straight line is -= Acos6 + Bsiné. 
7 


We=0. A StS Ghee 








ST ae.SP a(1—e) 
1 — é? 
from equation r = SP = ual 2) 
1 + ecos 6 
sin a 
and B = ——--——., 
a(l — é) 
1 ¢cos6@ + cos (@ — a) 

- a(1] —e*) 


For the point of intersection of two tangents to the points 
whose vectorial angles are a, B, we have 


ecos 8 + cos(6 — a) = ecos6 + cos(@ — £), 
cos (8 — a) = cos (6 — 8), 
6@—a=6 — 8. 
ate 


+) 


lad 


é= 





(43.) Find the relation among the coefficients in the gene- 
ral equation of the second order, that all diameters may be 
parallel to one another. 


(44.) Let lines be drawn from the vertex of a parabola to 
the angles of a triangle formed by the intersection of three 
tangents to the curve, make angles with the axis denoted by 
6’, 6”, 6’: also let the lines drawn from the vertex to the 
points of contact make angles with the axis denoted by 
Q,, 6, 6,. Then 


tan 6’ + tan 6” + tan 6’” = tan 6, + tané@, + tan §,. 
(45.) Construct the curve whose equation is ° 
ay—2y+ae—-1=0. 
(46.) Find the position of the curve of which the equa- 
tion is 
pm Qey + 3a 4+ Qy—4e—3 = 0. 
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(147.) TP and TP’ are two Po 
tangents to a parabola, at right 
angles to cach other, . 


TP=6, and TP’ =e: 


find the latus rectum 


(48.) Given the base of a triangle, and the product of the 
tangents of the base angles, to find the locus of the vertex. 


(49.) Given the base of a triangle, and the difference of the 
tangents of the angles at the buse, to find the locus of the 
vertex. 


(50.) Given the diameter of a parabola, and a tangent 
through its vertex, to find the locus of the vertex. 


(51.) If (aa + By =y) be the cquation of any tangent to 
the ellipse, to determine what relation must hold between a, 8, 
and Y- 


(52.) If 6 and @ be the angles which two conjugate semi- 
diameters 7 and 7” of an ellipse make with the axis major, to 
shew that 

sin (8 + 6) = r- ——~ y’? 
sin (6 — 6) a? — B 

(53.) The product of the two perpendiculars let fall from 

any point of the hyperbola upon the asymptotes is invariable. 
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keep the log and work it off—Latitude and longitude—Great Circle 
Sailing— Law of Storms and Variable Winds; and an Explanation 
of Terms used, with coloured illustrations of Flags, 2 vols. - 28. 
57, 58. WanminG AND VENTILATION, Treatise on the Principles of the 
Art of, by Chas. Tomlinson, 2 vols. ‘ . . . - 2. 
59. Srzam Boreas, Treatise on, by R. Armstrong, C. E. J le. 
60, 61. LAND anp ENGINEERING ceca Treatise on, by T. Baker, 
C.E., 2 vols. : : ° ‘ ; ‘ - 2a. 
62. ee aed Deraits, Introductory Sketches of, by R. M. Sisphenson: 
Ei ° ° ‘ é . é ° . . ° - te 
63, 64, 65. AcricoLruraL Buixipines, Treatise on the Construction of, 
on Motive Powers, and the Machinery of the Steading; and on 
Agricultural Field Engines, Machines, and Implements, by G. H. 
Andrews, 3 vols. i ° ° ‘ a ‘ » 38 
66. Cray Lanps anv Loamy So118, Treatise on, by Prof. Donaldson, A.E. ls. 
67,68. CLocx aND WaTCH-MAKING, AND ON CHURCH oat Treatise 
on, by E. B. Denison, M.A., 2 vols... ‘ ‘; . 2e 
69, 70. Music, Practical Treatise on, by C. C. Spencer, 2 cla: , - 2a. 
71. Prano-Forte, Instruction for Playing the, by the same . . le. 
72, 73, 74, 75. Recent Fossiz Suxuis, Treatise (A Manual of the 
Mollusca) on, by Samuel P. Woodward, and _ illustrations, 
4vols, . ° e . ° ° ° . ‘ F ~ 4a. 
76, 77. ies Gromernry, Treatise on, by J. F. Heather, M.A., 
vols, . F ° . ° ° . . F ° . 


97*, Roonomy or Fugu, Treatise on, particularly with reference to Re- 
werberatorv Furnaces for the Manufacture of Iron and Steam 
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RUDIMENTARY WORKS. 


78,79. SteAM 48 APPLIED TO GENERAL PURPOSES AND LOCOMOTIVE 
Enainks, Treatise on, by J. Sewell, C.E., 2 vols. . ‘ ‘ . 2s 

79* RupimentaRy Work on Protocrapey, containing full instructions 

in the Art of producing Photographic Pictures on any material 

and in any colour ; and also Tables of the Composition and Pro- 

rties of the Chemical Substances used in the several Photographic 

Procesec. By Dr. H. Halleur, of Berlin. Translated from the 
German, by the advice of Baron A. von Hiumboldt, by Dr. Strauss lz 

80, 81. Maring ENcGings, AND ON THE Screw, &c., Treatise on, ”y Pe 
Murray, C.E., 2 vols. . ‘ . . 2s. 

80*, 81*. Empanxine Lanpns FROM THE Ska, the Practise of, tivated as 

a Means of Profitable Employment of Capital, by J ohn Wiggins, 
F.G.S., Land Agent and Surveyor, 2 vols. ° 26. 

82, 82*. Powm: oF WATER, AS APPLIED TO Drive Frova-Miuus, 
Treatise on the, by Joseph Glynn, F.RS., C.E. . . . . 28. 
83. Boox-Keepina, Treatise on, by James Haddon, M.A. oo 4 - ds 

82**, 83*. Coat Gas, Practical Treatise on the Manufacture and pone 
bution of, by Samuel Hughes, C.E., 3 vols. : 38. 
83ee, Consrnuction or Locks, Treatise on the, with fllustrations | . Ie 6d. 

83 bis. PaincirLes oy THE Forums or SHIPS AND > by W. 
Bland, Esq. : ° : . ds 

84, Arirameric, Elementary Treatise ai the Theory, and numerous Ex- 
amples for Practice, and for Self-Examination, by Prof.J.R. Young 18.6. 


84*, Key to the above, by Prof. J. R. Young ‘ ‘ ls, 62. 
85. Equationa, ARitHMetic: Questions of Interest, Annuities, and 

General Commerce, by W. Hipsley, Esq. . ls. 
86, 87. ALczpra, Elements of, for aie use of Schools and Self-Instruc- 

tion, by James Haddon, M.A., 2 vols, ‘ . 28 
88, 89. Gzomerrry, Principles of, by ‘Henry Law, C. EB, 2 vols, o « 2 
90. Geometry, ANALYTICAL, by James Hann . ° 1s. 
91, 92. leet! AND SPHERICAL Papaiiiocdined. Treatises on, by the 

same,2 vols. . . . 2a. 


93, MensurRation, Elements and Practice of, ‘by T. Baker, C. E. ° - de. 


94, 95. Locaritus, Treatise on, and Tables for facilitating Astrono- 
mical, Nautical, Trigonometrical, and eee eens by 


H. Law, C.E., 2 vols. ‘ 28. 
96. PopuLtar eae Elementary Treatise on, by the Rev. Robert 
Main, M.R.A.S : ° ls, 


97. Statics aND Drsutice Principles and Practice of, by T, Baker, C. E, Ie. 


98, 98*. Mecuanism, aND PracticaL CONSTRUCTION OF acai: 
Elements of, by the same, 2 vols, ° . ° . «2 


99, 100. Nautica, ASTRONOMY AND Naviaation, Theory and Practice 
of, by H. W, Jeans, R.N.C., Portsmouth, 2 vols. - 6 «6 @s. 


101. Dipseniireias Catcutua, by W. S. B. Woolhouse, F.R.AS. 2. «ls. 
102, Inrzarau Catcu.us, by Homersham Cox,M.A. . . le. 
103. Intgerat Catcutos, Collection of Examples of the, by James Haan Is. 


104, DirrerentiaL Caxcuius, Collection of Examples of the, by J, 
addon, M.A. . ‘: ‘ te ‘ . 5 - Is 

105, Atczepra, GromeTRY, AND Trigonometry, First Mnemonical 
Lessons in, by the Rev. Thomas Penyngton Kirkman, M.A, 1s. 6d 


4 JOHN WEALE’S 


RUDIMENTARY WORKS. 


NWEW SERIES OF EDUCATIONAL WORKS; 
OR 


Volumes intended for Public Instruction and for Reference: 


Tue public favour with which the Rudimentary Works on scientific subjects have 
been received induces the Publisher to commence a New Series, somewhat different 
in character, but which, it is hoped, may be found equally serviceable. The 
Dictionaries of the MopeRn Lanauaces are arranged for facility of reference, 
so that the English traveller on the Continent and the Foreigner in England may 
find in them an easy means of communication, although possessing but a slight 
acquaintance with the respective languages. They will also be found of essential 
service for the desk in the merchant’s office and the counting-house, and more 
esnips to a numerous class who are anxious to acquire a knowledge of 
anguages so generally used in mercantile and commercial transactions, 

The want of small and concise GREEK and Latin Dictionaries has long been 
felt by the younger students in schools, and by the classical scholar who requires 
a book that may be carried in the pocket ; and it is believed that the present is 
the first attempt which has been made to offer a complete Lexicon of the Greek 
Language in so small] a compass. 

In the volumes on Encianp, GReecE and Rome, it is intended to treat of 
History as a Science, and to present in a connected view an analysis of the large 
and expensive works of the most highly valued historical writers. ‘The extensive 
circulation of the preceding Series on the pure and applied Sciences amongat 
students, practical mechanics, and others, affords conclusive evidence of the 
desire of our industrious clasees to acquire substantial knowledge, when placed 
within their reach ; and this has induced the hope that the volumes on History 
will be found profitable not only in an intellectual point of view, but, which is of 
still higher importance, in the social improvement of the people ; for without 
a knowledge of the principles of the English constitution, and of those events 
which have more especially tended to promote our commercial prosperity and 
political freedom, it is impossible that a correct judgment can be formed by the 
mass of the people of the measures best calculated to increase the national 
welfare, or of the character of men best qualified to represent them in Parliament ; 
and this knowledge becomes indispensable in exact proportion as the elective 
franchise may be extended and the system of government become more under 
the influence of public opinion. 

The scholastic application of these volumes has not been overlooked, and a 
comparison of the text with the examinations tor degrees given, will show their 
applicability to the course of historic study pursued in the Universities of 
Cambridge and London. 


1, 2. ConsrirurionaL History or Enciann, 2 vols, by W. D. Hamilton 22. 
3, 4. DOWN To Vicronia, by the 

same . é . oe . : . . ‘ ‘ - 28. 
5. Ourting or THe History or Greece, by the same . ~ 6 « Ie 











6. si TO IT3 BECOMING A RoMAN 
Province, by the same * oe we Se ~ ola bd. 

7. Outting Hisrory or Roxz ‘ ‘ ‘i ; : - Ie 

8, ama fo THE DECLINE ; ool, Gd. 
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RUDIMENTARY WORKS. 


. 9,10. A CHronoLoey or Civit anp EccrestasticaL History, Litera~ 
TURE, SCIENCE, AND ARt, from the earliest time to a late period, 


2 vols, by Edward Law. .. ‘ . - 28 
11. Grammar oF THE EnoiisH Lana@uaGe, for use in Schools and for 
Private Instruction, by Hyde Clarke, Esq., D.C.L. ° ‘ 1s. 


12, 13. Dictionary oF THE EnauiisH Laneuacr. A new and connpranied 
Dictionary of the Engli-h Tongue, as Spoken and Written, including 
above 100,000 words, or 50,000 more than in any existing work, 
and including 10,000 additional ee of Old Words, 2 vols. 








in 1], by the same ‘ ‘ , : ° - 88 6d. 
14. Grausan oF THE GREEK Tkkeuxor, by H. C. Hamilton ; - Is 
15, 16. DictionaRY OF THE GREEK AND EnauisH Lanauaaes, by H. R. 

Hamilton, 2 vols.inl . ‘ : ; ; é : 28. 
17, 18. ENGLISH AND GREEK Dincesens 2 vols. in 1, 

by the same F . : : : ‘ : - 2s. 
19. GRaMMAR OF THE LaTIN Lanavacit . ; . : : - Is. 
20, 21. Dictionary or THE Latin anp EnGuisH Lanavacns . . . 28. 
22.93. Encuisu and Latin LancuaGEes . é ls. 6d. 
24, GRAMMAR OF THE FRENCH vanCUAe by Dr. Strauss, late Lecturer 

at Besancon . ‘ P ‘ - Is. 


25. DictionaRY OF THE Frencit AND Sniiciael Laxovacns, by A. Elwes Ls. 
26. - Enguish axp Frixcu Lanouacss, by the same ls. 6d. 
27. GRAMMAR OF THE IraLian LanGuaGe, by the same . , . - Is. 
28, 29. Dicrionary oF THE ITaLIan, ENGLISH, aND FrencH LanGuaGrs, 




















by the same : A , . : . . ° , - 28 
30, 31. - Enousu, Frenxcu, anD Itacian LANGUAGES, 

by the same : : : . , : : . : . 28. 
32, 33. Peerint ITALIAN, AND ENGLIsH LANGUAGES, 

by the saine . . ‘ ; ° ‘ : ° . - 2. 
34, GRAMMAR OF THE Spanisix LanGuaGE, by the same . ‘ . de 
35, 36. DictionaRY OF THE SPANISH aND EnGuiso LaneuaGEs, by the 

sume . ; ‘ ; ‘ . - 2 
37, 38. Enquisu AND SPANISH Lanauaces, by the 

same . ‘ . . . . ‘ ‘ , ‘ ‘ . 28 


39. GRAMMAR OF THE GERMAN LanaquaGs, by Dr. Strauss. : . le. 
40. CrassicaL German Reaper, from the best Authors, by the same . le. 


41,42, 43. Dicrionarizs OF THE ENGLISH, GERMAN, AND FRENCH 
Lanquaces, by N, E.S. A. Hamitton, 3 vols. . ; ° : . 3s. 

44,45. Dicrionany oF THE HEBREW aNnD ENGLISH aNnD ENGLISH AND 

Hgbrew LANGUAGES, containing all the new Biblical and Rabbinical 

words, 2 vols, (together with the Grammar, which may be had 
separately for 1s.), by Dr. Bresslau, Hebrew Professor r 78 


SUPPLEMENTARY TO THE SHURIES. 


Domestic MEpIcINE ; or complete and comprehensive Instructions for Self-aid 
by simple and ‘efficient Means for the Preservation and Restoration of 
Health ; originally written by M. Raspail, and now fully translated and 
adapted to the use of the British public. 1s. 6d. 
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7*, GaLvanism, by Sir William Snow Harris ‘ ‘ ; ‘ 1s. 6d. 
62. Raitways, being vol. ii. . ; , . ‘ ‘ . ; . le 
75*. Supplement to Recent and Fossiz Suetts . . : e  Ie.6d.: 


78*, Rudimentary Treatise on Locomotive ENGINES . ; . Is, 
79*. Atlas to the Berens anus of the several qeuginee in detail, 
4to. . - de. 6d. 


82***, On Warzn Works for the Sumaiy of Towle 3 sole * «6 . 38. 
86, 87*. Key to the ELEMENTS oF ALGEBRA . , , « - Is.Géd. 
101L*. On WeiGHTS AND MEASURES OF ALL NATIONS . ‘ ° ls. 6d, 


THE WORK ON 


BRIDGES OF STONE, IRON, TIMBER, 
AND WIRE. 


In 4 Vols., bound in 3, described in the larger Catalogue of Publications ; to 
which the following is the Supplement, now completed, entitled 
SUPPLEMENT TO “THE THEORY, PRACTICE, AND 
ARCHITECTURE OF BRIDGES OF STONE, IRON, 
TIMBER, WIRE, AND SUSPENSION,” 


In one large 8vo volume, with explanatory Text and 68 Plates, comprising 
details and measured dimensions, in Parts as follows :— 


Part I. e e a e e 6s. 
» Al. . é ; ° . 6s. 


eg Tb. x ; ' . ‘ 68. 
aoe © foe ° . - 108, 
» Vee Vi , ; : . 208. 


Bound in half-morocco, uniform with the larger work, price 2/. 10s., or in a 
different pattern at the same price. 


LIST OF PLATES. 
Cast-iron girder bridge, Ashford, Rye Mr. Fairbairn’s hollow-girder bridge 
and Hastings Railway. at Blackburn. 
Details, ditto. Waterford and Limerick Railway truss 
Elevation and plan of truss of St. bridge. 
Mary’s Viaduct, Cheltenham Rail- HolJow-girder bridge over the River 
wry. Medlock. 
Iron road bridge over the Railway at Railway bridge over lagunea of 
Chalk Farm. . Venice, 
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BRIDGES OF STONE, &C. 


Viaduct at Beangency, Orleans and 
Tours Railway. 

‘Oblique cast-iron bridge, on the system 
of M. Polonceau, over the Canal St. 
Denis. 

Blackwall Extension Raitway, Com- 
mercial Road bridge. 

Ditto, enlarged elevation of outside 
girders, with details. 

Ditto, details. 

Ditto, ditto, and sections. 

Ditto, ditto, ditto. 

Richmond and Windsor main line, 
bridge over the Thames. 

Ditto, details. 

Ditto, ditto, and sections. 

Orleans and Bordeaux Railway bridge. 

Ditto, sections and details. 

Rouen and Havre Railway timber bridge. 

Ditto, details. 

Ditto, ditto, and sections. 

Viaduct of the Valley of Malaunccy, 
near Rouen. 

Hoop-iron suspension bridge over the 
Seine at Suresne, department de la 
Seine. 

Hoop-iron suspension foot bridge at 
Abainville. 

Suspension bridge over the Douro, iron 
wire suspension cables. 

Ditto, details. 

Glasgow and South-Western Railway 
bridge over the water of Ayr. 

Ditto, sections and details. 

Plan of the cities of Ofen and Pesth. 

Sections and soundings of the River 
Danube. 

Longitudinal section of framing. 

No. 1 coffer-dam. 

Transverse framing of coffer-dam. 

Sections of Nos. 2 and 3 of coffer-dam. 

Plan of No. 3 coffer-dam and ice- 
breakers. 

Plan and elevation of the construction 
of the scaffolding, and the manner of 
hoisting the chains. 


Line of soundings,— dam longitudinal 
sections. 

Dam sections. 

Plan and elevation of the Pesth suspen- 
sion bridge. 

Elevation of Nos. 2 and 3 coffer-dams. 

End view of ditto. 

Transverse section of No. 2 ditto. 

Transverse section of coffer-dam, plan 
of the 1st course, and No. 3 pier. 

Vertical section of Nos. 2 and 3 piers, 
showing vertical bond-stones. 

Vertical cross section of ditto. 

Front elevation of Nos. 2 and 3 piers. 

End elevation of ditto. 

Details of chajns. Ditto. 

Ditto and plan of nut, bolt, and retain- 
ing-links. 

Plan and elevation of roller-frames. 

Elevation and section of main blocks 
for raising the chains. 

Ditto, longitudinal section of fixture 
pier, showing tunnel for chains. 

Pl..n and elevation of retaining-plates, 
showing machine for boring holes for 
retaining-bars. 

Retaining link and bar. 

Longitudinal plan and elevation of cast- 
iron beam with truss columns. 

Longitudinal elevation and section of 
trussing, &c. 

Plan of pier at level of footpath. 

Detail of cantilevers for supporting the 
balconies round the towers. 

Elevation and section of cantilevers. 

Detail of key-stone & Hungarian arms. 

Front elevation of toll-houses and wing 
walls. 

Longitudinal elevation of toll-house, 
fixture pier, wing wall, and pedestal. 

Vertical section of retaining-piers. 

Section at end of fixture pier, showing 
chain-holes. 

Lamp and pedestal at entrance of 
bridge. 

Lamp and pedestal at end of wing walls. 





Separately sold from the above in a volume, price half-bound in morocco £1. 12s. 


An ACCOUNT, with Illustrations, of the SUSPENSION 
BRIDGE ACROSS the RIVER DANUBE, 


BY WILLIAM TIERNEY CLARK, C.E.,, F.R.S, 
With Forty Engravings. 


8 JOHN WEALE’S 


GREAT EXHIBITION BUILDING. 
The BUILDING erected in HYDE PARK for the, 
GREAT EXHIBITION of the WORKS of 
INDUSTRY of ALL NATIONS, 1851: 


Illustrated by 28 large folding Plates, embracing plans, elevations, sections, and 
details, laid down to a large scale from the working drawings of the Contractors, 
Messrs. Fox, HeENpErsonN, and Co., by Cuartes Downess, Architect; with a 
scientific description by CuarLes Cowper, C.E. 

In 4 Parts, royal quarto, now complete, price £1. 10z., 
or in cloth boards, lettered, price £1. 11s. 6d. 


*.* This work has every measured detail so thoroughly made out as to enable 
vhe Engineer or Archutect to erect a construction of a similar nature, either more 
or less extensive. 


SIR JOHN RENNIE’S WORK 


ON THE 


THEORY, FORMATION, AND CONSTRUCTION. 
OF BRITISH AND FOREIGN HARBOURS. 


Copious explanatory text, illustrated by numerous examples, 2 Vols., very neat 
in half-morocco, £18 


The history of the most ancient maritime nations affords con- 
clusive evidence of the importance which they attached to the 
construction of secure and extensive Harbours, as indispensably 
necessary to the extension of commerce and navigation, and to the 
successful establishment of colonies in distant parts of the globe. 


To this important subject, and more especially with reference to 
the vast extension of our commerce with foreign nations, the atten- 
tion of the British Government has of late years been worthily 
directed; and as this may be reasunably expected to enhance the 
value of any information which may add to our existing stock of 
knowledge in a department of Civil Engineering as yet but imperfectly 
understood, its contribution at the present time may become generally 
useful to the Engineering Profession. 


The Plates are executed by the best mechanical Engravers; the Views finely 
engraved under the direction of Mr. Pye: all the Engincering Plates nave dimen 
sious, with every explanatory detail for professional use. 
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In octavo, cloth boards, price 9s. 


HYDRAULIC FORMULA, CO-EFFICIENTS, 
AND TABLES, 


For finding the Discharge of Water from Orifices, Notches, Weirs, 
Short Tubes, Diaphragms, Mouth-pieces, Pipes, Drains, Streams, 
and Rivers. 

BY JOHN NEVILLE, 


ARCHITECT AND C.E., MEMBER ROYAL IRISH ACADEMY, MEMBER INST. C.E. 
IRELAND, MEMBER GEOLOGICAL SOC. IRELAND, COUNTY SURVEYOR OF 
LOUTH, AND OF THE COUNTY OF THE TOWN OF DROGHEDA. 


This work contains above 150 different hydraulic formule (the 
Continental ones reduced to English measures), and the most ex- 
tensive and accurate Tables yet published for finding the mean 
velocity of discharge from triangular, quadrilateral, and circular 
orifices, pipes, and rivers; with experimental results and co- 
efficients ;—effects of friction; of the velocity of approach; and of 
curves, bends, contractions, and expansions ;—the best form of 
channel ;—-THE DRAINAGE EFFECTS OF LONG AND SHORT WEIRS, 
AND WEIR-BASINS ;—extent of back-water from weirs; contracted 
channels ;—catchment basins ;—hydrostatic and hydraulic pres- 
sure ;——water-power, Se. 


TREDGOLD ON THE STEAM ENGINE. 


Published in 74 Parts, price 2s. 6@. each, in 4to, illustrated by very numerous 
engravings and wood-cuts, a new and much extended edition, now complete in 
3 vols. bound in 4, in elegant half-morocco, price Nine Guineas and a Half. 


THE STEAM ENGINE, 
IN ITS PROGRESSIVE AND PRESENT STATE OF IMPROVEMENT; 


Practically and amply elucidating, in every detail, its modifications 
and applications, its duties and consumption of fuel, with an 
investigation of its principles and the proportions of its parts for 
efficiency and strength; including examples of British and American 
recently constructed engines, with details, drawn to a large scale. 


The well-known and highly appreciated Treatise, Mr. TREDGOLD’s 
national Work on the Srzam Engine, founded on scientific principles 
and compiled from the practice of the best makers—showing also 
easy rules for construction, and for the calculation of its power in 
all cases—has commanded a most extensive sale in the several 
English editions, and in Translations on the Continent. These 
editions being now out of print, the proprietor has been induced to 
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TREDGOLD ON THE STEAM ENGINE. 


enlarge and extend the present edition by practical examples of all 
kinds, with the most recent improvements in the construction and 
practical operations of the steam engine both at home and abroad. 

The work is divided into the sections named below, either of 
which may be purchased separately: working engineers will be 
thus enabled to select those portions which more especially apply to 
the objects upon which they may be respectively saaloye’: 

Several scientific men, extensively and practically employed, have 
contributed original and really practical papers of the utmost utility ; 
by which the value of this extended edition is much increased. A 
copious INpEx for reference is added. 


Division A. Locomotive Engines, 41 plates and 55 wood-cuts, complete, making 


Vol. I. 


In half-morocco binding, price £2. 12s. 6d. 


Drviston B. Marine Engines, British and American, numerous plates and wood- 
cuts, making Vol. II.; bound in 2 vols. half-morocco, price £3. 13s. 6d. 


Division C to G. making Vol. III., and completing the work, comprising 
Stationary Engines, Pumping Engines, Engines for Mulls, and several examples 
of Boilers employed in the British Steam Navy; in half-morocco, price 


£3. 138. 6d. 


LIST OF PLATES. 
DIVISION A.—-LOCOMOTIVE ENGINES. 


Elevation of the 8-wheeled locomotive 
engine and tender, the Iron Duxg, 
on the Great Western Railway. 

Longitudinal section of ditto. 

Plan, ditto. 

Transverse sections, ditto. 

Details of ditto: transverse section 
through working gear, transverse 
section and end view of tender; plan 
and section of feed-pump; plan and 
elevation of hand-pump; details of 
inside framing, centre axle, driving 
axle-box, regulation-valve, centre- 
beam stay, &c. 

Elevation of Crampton’s patent loco- 
motive engine and tender. 

Longitudinal section of ditto. 

Plan of ditto. 

Transverse sections of ditto. 

Elevation of the Pynacmon 6-wheeled 
goods’ engine on the Great Western 
Railway. 

Half-plan of the working gear of ditto. 

Elevation of a portion of the working 
gear of ditto. 

Diagrams, by J. Sewell, L.E., of re- 
sistances per ton of the train; and 
portion of engines of the clas of the 


Great Britain locomotive, includ- 
ing tender, with various loads and at 
various veloeities; also of the ad- 
ditional resistance in tbs. per ton of 
the train, when the engine is loaded, 
to be added to the resistance per ton 
of the engine and tender when un- 
loaded. 

Side and front elevation of an express 
carriage engine, introduced on the 
Eastern Counties Railway by James 
Samuel, C.E., Resident Engineer. 

Longitudinal and cross section of ditto. 

Plan of ditto; with plan and section of 
cylinders, details and sections, piston 
full size. 

Elevation of the outside-cylinder tank 
engine made by Sharpe Brothers & 
Co., of Manchester, for the Man- 
chester and Birmingham Railway. 

Section of cylinder and other parts, 
and part elevation of ditto. 

Longitudinal section of ditto, 

Plan of ditto. 

Transverse sections of both ends, with 
sectional parts. 

Mr. Edward Woods’ experiments on the 
several sections of old and modern 
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valves of locomotive engines,—viz. 
fig. 1. stroke commences; fig. 2, 
steam-port open; fig. 3, steam-port 
open; fig. 4, steam-port open; fig. 5, 
stroke completed, steam cut off, 
exhaustion commences; fig. 6, stroke 
commences; fig. 7, steamn-port full 
open; fig. 8, steam cut off; fig. 9, 
exhaustion commences; fig. 10, steam 
completed. 

Ditto, drawn and engraved to half-size : 
fig. 1, old valve, -/g-inch lap; fig. 2, 
Z-inch Jap; fig. 3, }-inch lap; fig. 4, 
%-inch lap, Gray’s patent; fig. 5, 
l-inch lap. 

Elevation of a six-whecled locomotive 
engine and tender, No. 15, con- 
structed by Messrs. Tayleur, Vulcan 
Foundry, Warrington, for the Cale- 
donian Railway. 

Longitudinal section of ditto. 

Plan of ditto, engine and tender, with 
cylindrical part of boiler removed. 
Elevations of fire-box, section of fire- 
box, section of smoke-box, of ditto. 
Elevations and sectional parts of ditto. 
Sectional parts, half-plan of working 

gear, ditto. 

Elevation of Messrs. Robert Stephenson 


and Co.’s six-wheeled patent loco- 
motive engine and tender. 

Longitudinal section of ditto. 

Plan and details of Stephenson’s patent 
engine. 

Section of fire-box, section of smoke- 
box, front and back elevations of the 
same. 

Plan of a six-wheeled engine on the 
Birmingham and Shrewsbury Rail- 
way, constructed by Messrs. Bury, 
Curtis, and Kennedy, Liverpool. 

Longitudinal section of ditto. 

Sectional elevation of the smoke-box, & 

Sectional elevation of the fire-box of 
ditto. 

Elevation of the locomotive engine and 
tender, Przews, adapted for high 
speeds, constructed by Messrs. R. & 
W. Hawthorn, of Newcastle-upon- 
Tyne, for the York, Newcastle, and 
Berwick Railway Company. 

Longitudinal section of ditto. This 
section is through the fire-box, boiler, 
and smoke-box, showing the tubes, 
safety-valve, whistles, steam and blast 
pipes, &c. 

Plan of ditto. 

Plan of the working gear, details, &c. 


Forty-one plates and fifty-five wood engravings. 


DIVISION B.—-MARINE ENGINES, &c. 


Two plates, comprising figures 1, 2, 
and 3, Properties of Steam. 

Plan of H.M. screw steam frigate 
DaunTLess, constructed by Robert 
Napier, Esq. 

Longitudinal elevation and transverse 
section of ditto. 

Longitudinal section at AB on plan, 
longitudinal section at C D on plan 
of ditto. 

Engines of H. M. steam ship TERRIBLE, 
constructed by Messrs. Maudslay, 
Sons, and Field, on the double- 
cylinder principle. Longitudinal sec- 
tions of engines. 

Transverse section and end view of ditto. 

Transverse section through boilers of 
ditto. ° 

Plan of engines, showing also bunkers, 
paddles, &c. 


Oscillating engines of the Peninsular 
and Oriental Company’s steam vessel 
ARIEL, constructed by John Penn 
and Sons. Longitudinal section. 

Section at engines of ditto. 

Section at boiler of ditto, 

Plan at boiler of ditto. 

Section at air-pump, and at cylinder. 

Annular cylinder engines of the iron 
steam vessels Princess Mary and 
Princess Maupkg, constructed by 
Maudslay, Sons, and Field. Longi- 
tudinal section. 

Transverse section at engines of ditto. 

Section at boilera of ditto. 

Plan of engines of ditto, showing 
bunkers, paddles, &c. 

Plan of engines of H. M. steam vessel 
Simoom, constructed by James Watt 
& Co., of London and Soho. 
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Longitudinal section of the Simoom. 

Cross section of ditto. 

Engine of the Rep Rover, side view 
and plan. 

Longitudinal section of ditto. 

Cross sections of ditto. 

Sheer draught and plans of vessel. 

Plan of the engine of H. M. steam frigate 
PH@NIX. 

Longitudinal section of engine of ditto. 

Cross section of ditto. 

Engine of the Rusy steam vessel, ele- 
vation and plan. 

Sheer draught and plan of vessel. 

Plan of engine of the WILBERFORCE, 
Hull and London packet. 

Cross section of ditto and vessel. 

Longitudinal section of engines of ditto. 

Elevation of engines of ditto. 

Engines of the Berenice, Hon. E. I. 
Co.’s steam vessel. 

Section of ditto. 

Sheer draught and plan, stern view, 
and body plan of vessel. 

View of the BeERENICE, whilst at sea. 

Boilers of H. M. ships Hermes, Spir- 
FIRE, and FIREFLY. 

Kingston’s valves, as fitted on board 
sea-going vessels for blow-off injec- 
tion, and hand-pump sea valves. 

Boilers of H. M. steam vessel AFRICAN. 

Morgan’s paddle-wheels, as fitted in 
H. M.S. Mepea. 

Side elevation of ditto. 

Plans of upper and lower decks of 
ditto 


Sheer draught and profile of ditto. 

Morgan and Seaward’s paddle-wheels, 
comparatively. 

Positions of a float of a radiating pad- 
dle-wheel in a vessel in motion, and 
positions of a float of a vertically 
acting wheel in a vessel in motion. 

Cycloidal paddle-wheels. 

Sailing of steamers in five points from 
courses. 

Experimental steaming and sailing of 
the CaLzponia, VANGUARD, ASIA, 
and Mepza. 

Engines of H. M. steam ship Meaara. 

Engine of the steam boat Nzw Wor tp, 


T. F. Secor & Co., Engineers, New 
York. Elevation and section. 

Elevations of cylinder and crank ends. 

Steam cylinders, plans, and sections. 

Details. 

Several sections of details. 

Details and sections. 

Details of parts. 

Plans and sections of condenser, bed- 
plates, air-pump bucket, &c. 

Details and sections, injection valves. 

Details, plan and elevation of beams, 
&e. 

Details, sections of parts, boilers, &c. 
of the steam boat New Wor.p. 

Sections, details, and paddles. 

Engines of the U.S. mail steamers On10 
and Groreia. Longitudinal section. 

Elevations and cross sections of ditto. 

Details of steam-chests, side-pipes, 
valves, and valve gear of ditto. 

Section of valves, and plan of piston of 
ditto. 

Boilers of ditto, sections of ditto. 

Engine of the U.S. steamer WaTER- 
Witcu. Sectional elevation. 

Steam-chests and cylinders of ditto. 

Boilers, sections, &c. of ditto. 

Boilers of the U.S. steamer PoWHATAN. 

Front view and sections of ditto. 

Elevation of the Pittsburg and Cin- 
cinnati American packet BuckEyx 
STATE. 

Bow view, stern view. 

Plan of the Buckgysg Starr. 

Model, &c. of ditto, wheel-house frame, 
cross section at wheel-house, and 
body plan. 

Plan and side elevation of ditto. 

Sheer draught and plan, with the body 
plan, of the U.S. steam frigate 
SARANAC. 

Longitudinal section of ditto, cross scc- 
tion. 

Engines of the U.S. steamer Susaur- 
HANNA. 

Elevation of the U.S. Paciric steam 
packet engine. 

Plan of ditto. 

Boilers of ditto, end views. 

Ditto ditto. 


Eighty-five engravings and fifty-one wood-cute. 
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DIVISION C. TO G., FORMING VOL. III. 
STATIONARY ENGINES, PUMPING ENGINES, MARINE BOILERS, &c. 


Side elevation of pumping engine, U.S. 
dock, New York. 

End elevation of ditto. 

Elevation and section of the pumps, 
ditto.—2 plates. 

Boilers of pumping engines, ditto. 

Boilers, Details, &c. of pumping engines, 
ditto. 

Plan of the boilers, ditto. 

Isometrical projection of a rectangular 
boiler. 

Plan and two sections of a cylindrical 
boiler. 

Brunton’s apparatus for feeding furnace- 
fires by means of machinery. 

Parts of a high-pressure engine with a 
4-passaged cock. 

Section of a double-acting condensing 
engine. 

Section of a common atmospheric en- 
gine. 

On the construction of pistons. 

Section of steam pipes and valves. 

Apparatus for opening and closing steam 
passages. 

Parallel motions.—2 plates. 

Plan and elevation of an atmospheric 
engine. 

Elevation of a single-acting Boulton 
and Watt engine. 

Double-acting engine for raising water. 

Double-acting engine for impelling 
machinery. 

Maudslay’s portable condensing engine 
for impelling machinery. 

Indicator for measuring the force of 
steam in the cylinder, and diagrams 
of forms of vessels. 

Section of a steam vessel with its boiler, 
in two parts—diagrams showing fire- 
places —longitudinal section through 
boiler and fire-places. 

Isometrical projection of a steam-boat 
engine. 

Plan and section of a steam-boat engine. 
Ten horse-power engine, constructed 
by W. Fairbairn and Co.—4 plates. 
Forty-five horse-power engine, con- 

structed by W. Fairbairn & Co.— 
3 plates. 
Plan and section of boiler for a 20-horse 


engine, at the manufactory of Whit- 
worth & Co., Manchester. 

Messrs. Hague’s double-acting cylinder, 
with slides, &c. 

Sixty-five-inch cylinder, erected by 
Maudslay, Sons, and Field, at the 
Chelsea Water-works.—5 plates. 

Beale’s patented rotary engine. 

Double-story boilers of H.M.S. Devas. 
TATION, 400 H. P. 

Refrigerator feed and brine pumgs. 

Feed and brine apparatus, as fitted on 
board the West India Royal Mail 
Company’s ships. 

Boilers of H. M. steam sloop BASILIsx, 
400 H.P. 

Boilers of the Srncapore, 470 H.P., 
Peninsular and Oriental Company. 
Original double-story boilers of the 

GREAT WESTERN. 

Telescopic chimney, or sliding funne, 
of H. M. ship Hypra, 220 H. P. 

Seaward’s patent brine and feed va'ves. 

Boilers of H.M. mail packet UNpine«, 
(Miller, Ravenhill, & Co.) 100 H. P. 

Cross sections of engines of Hi. M. mail 
packet UNpINE. 

Longitudinal elevation of ditto. 

Brine-pumps as fitted on board H.M.S. 
Mepga, 220 H. P. (Maudslay, Sons, 
and Field.) 

Boilers of H. M.S. Hypra, 220 H. P. 

Plan of the four boilers, with the sup- 
plementary steam-chests and shut-off 
valves, of the AVENGER. 

Boilers of H. M. steam ship Nicer, 400 
H. P., fitted by Maudslay, Sons, and 
Field. 

Experimental boiler, Woolwich Yard. 

Boilers of H.M.S. Terainze, 800 H.P, 
(Maudslay, Sons, and Field.) 

Boilers of the Minx and TeasxEr, 100 
H. P. (transferred to Wasp.) 

Boilers of the Samson, 450 H. P. 

Daniel’s pyrometer, full size. 

Boilers of the Desperate, 400 H. P. 
(Maudslay, Sous, and Field.) 

Boilers of the Nicer (2nd plate), 

Boilers of H.M.S. Basinisx (2nd 
plate). 

Boilers of the Unpixs, 
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Boilers of the Royal Mail steam ships 
Asia and Arrica, 768 II. P., con- 
structed by R. Napier, Glasgow. 

Longitudinal and midship sections of 
ditto. 

Boilers of H.M.S. La Hogue, 450 H.P. 
(Seaward & Co.) 

H.M.S. Srpon, 560 H.P. Plan of 
telescope funnel. 

Boilers of H. M.S. Brisk, 250 H. P. 

Copper boilers for H. M.S. Sans- 
PAREIL, 390 H.P. (James Watt & 
Co.* 

American marine boilers, designed and 

uted by C. W. Copeland, Esq., 
of New York, as fitted on board the 
American packets. 

Midship section of the hull of the steam 
packet Paciric, New York and 
Liverpool line. 

Elevation of pumping engines of the 
New Orleans Water-works, U.S., ar- 
ranged and drawn by E. W. Smith, 
Engineer, constructed at the Allaire 
Works, New York. 

Elevation of pumps and valves, chests, 
geariny, &c. 

Elevation at steam cylinder end. 

General plan of a turbine water-wheel 
in operation at Lowell, Massachusets, 
U.S., by J. B. Francis, C.E. 

Elevation of ditto. Section of ditto. 

Plan of the fioats and guide curves, 
ditto. 





Large self-acting surfacing and screw- 
propeller lathe, by Joseph Whitworth 
& Co., Manchester. 

Longitudinal section, showing arrange- 
ment of engine-room for disc engine 
applied to a screw propeller, and 
Bishop's disc engine, by G. & J. 
Rennie, with details. 

Arrangement of engine-room forengines 
of 60 horse-power, for driving pro- 
pellers of HI]. M. steam vessels Rry- 
NARD and Cruiser, constructed by 
Messrs, Rennie. Longitudinal sec- 
tion and engine-room. 

Ditto. Transverse section at boilers 
and at engines. 

Very elaborate diagrams showing ex- 
periments and results of various pad- 
dle-wheels.—8 plates. 

Steam flour-mills at Smyrna, con- 
structed by Messrs. Joyce & Co. 
Double cylinder pendulous condens- 
ing engine, side elevation. 

Side elevation, horizontal plan, ditto. 

Longitudinal section. 

Horizontal plan of mill-house and 
boilers. 

Transverse section through engine- 
house and mill. 

Boilers, longitudinal and transverse 
sections, front view. 

Section through mill-stones, elevation 
of upper part, section of lower part, 
plan of hopper, &c. 


SUMMARY OF THE ILLUSTRATIONS. 


Vol. I. Locomotive Engines . 
II. Marine Engines : 


Ill. Stationary Engines, Pumping Engines, Engines 


for Flour-Mills, Examples of Boilers, &c., &c. . 
Total e 


Plates. Wood-cuts, 
. ° ° ° Al 55 
. : 85 51 
100 58 
a ‘ 226 164 


FULL-LENGTH PORTRAIT OF 


HENRY CAVENDISH, F.R.S. 


Some few India paper proofs, before the letters, of this celebrated 
Philosopher and Chemist, to be had, price 2s. 6d, 
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HINTS 


YOUNG ARCHITECTS: 


COMPRISING 


ADVICE TO THOSE WHO, WHILE YET AT SCHOOL ARE DESTINED 
TO THE PROFESSION; 


TO SUCH AS, HAVING PASSED THEIR PUPILAGE, ARE ABOUT TO TRAVEL 


AND TO THOSE WHO, HAVING COMPLETED THEIR EDUCATION, 
ARE ABOUT TO PRACTISE: 


TOGETHER WITH 


A MODEL SPECIFICATION: 


INVOLVING A GREAT VARIETY OF INSTRUCTIVE AND SUGGESTIVE MATTER, 
CALCULATED TO FACILITATE THEIR PRACTICAL OPERATIONS ; 


AND TO DIRECT THEM IN THEIR CONDUCT, AS THE RESPONSIBLE 
AGENTS OF THEIR EMPLOYERS, 


AND AS THE RIGHTFUL JUDGES OF A CONTRACTOR'S DUTY. 


Br GEORGE WIGHTWICK, Axcuirecr. 





CONTENTS :— 
Preliminary Hints to Young Archi- Model Specification : 
tects on the Knowledge of Stone-cutting. 
Drawing. , Grecian or Italian only, 
On Serving his Time. ——-, Gothic only. 
On Travelling. Miscellaneous. 
His Plate on the Door. Slating. 
Orders, Plan-drawing. Tiling. 
On his Taste, Study of Interiors, Plaster and Cement-work. 
Interior Arrangements. Carpenters’ Work. 
Warming and Ventilating. Joiners’ Work. 
House Building, Stabling. Tron and Metal-work. 
Cottages and Villas. Plumbers’ Work. 
Model Specification :— Drainage. 
General Clauses, Well-digging. 
Foundations, Artificial Levels, Concrete, 
Well. Foundations, Piling and 
Artificial Foundations. Planking, Paving, Vaulting, 
Brickwork. Bell-hanging, Plumbing, and 
Rubble Masonry with Brick Building generally. 
Dlingled. 


Fixtra cloth boards. price 88. 
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Serene amen) 


THE ENGINEER’S AND CONTRACTOR'S 
POCKET BOOK, 


WITH AN 


ASTRONOMICAL ALMANACK, 


REVISED FOR 1855-6. In morocco tuck, price 6s. 


CONTENTS. 


Arr, Air in motion (or wind), and wind- 
mulls. 

Alloys for bronze ; Miscellaneous alloys 
and compositions; Table of alloys; 
Alloys of copper and zinc, and of 
copper and tin. 

Almanack for 1855 and 1856. 

American railroads; steam vessels. 

Areas of the segments of a circle. 

Armstrong (R.), his experiment on 
boilers. 

Astronomical phenomena. 

Ballasting. 

Barlow’s (Mr.) experiments. 

Barrel drains and culverts. 

Bell-hanger's prices. 

Blowing a blast engine. 

Boilers and engines, proportions of ; 
Furnaces and chimneys; Marine. 
Bossut’s experiments on the discharge 
of water by horizontal conduit or 

conducting pipes. 

Brass, weight of a lineal foot of, round 
and square. 

Breen (Hugh), his almanack. 

Bricks. 

Bridges and viaducts; Bridges of brick 
and stone; Iron bridges; Timber 
bridges. 

Burt’s (Mr.) agency for the sale of pre- 
served timber. 

Cask and malt gauging. 

Cast-iron binders or joints; Columns, 
formule of; Columns or cylinders, 
Table of diameter of; Hollow co- 
lumns, Table of the diameters and 
thickness of metal of; Girders, prices 
of; Stancheons, Table of, strength 
of. 

Chairs, tables, weights, &c. 

Chatburn limestone. 

Chimneys, &c., dimensions of. 

Circumferences, &c. of circles. 

Coal, evaporating power of, and results 
of coking. 

Columns, cast-iron, weight or pressure 
of, strength of. 


Comparative values between the pre- 
sent and former measures of capacity. 

Continuous bearing. 

Copper pipes, Table of the weight of, 
Table of the bore and weight of cocks 
for. 

Copper, weight of a lineal foot of, round 
and square. 

Cornish pumping engines. 

Cotton mill; Cotton press. 

Current coin ofthe principal commercial 
countries, with their weight and re- 
lative value in British money. 

Digging, well-sinking, &c. 

Docks, dry, at Greenock. 

Draining by steam power. 

Dredging machinery. 

Dwarr, Table of experiments with 
H. M. screw steam tender. 

Earthwork and embankments, Tables 
of contents, &c. 

Experiments on rectangular bars of 
malleable iron, by Mr. Barlow; on 
angle and T iron bars. 

Fairbairn (Wm.), on the expansive 
action of steam, and a new construc- 
tion of expansion valves for condens- 
ing steam engines. 

Feet reduced to links and decimals. 

Fire-proof flooring. 

Flour-mills. 

Fluids in motion. 

Francis (J. 83., of Lowell, Massachusets), 
his water-wheel. 

French measures, 

Friction. 

Fuel, boilers, furnaces, &c. 

Furnaces and bvilers. 

Galvanized tin iron sheets in London 
or Liverpool, list of gauges and 
weights of. 

Gas-tubing composition. 

Glynn (Joseph), F.R.S., on turbine 
water-wheels. 

Hawksby (Mr., of Nottingham), his 
experiments on pumping water. 

Heat, Tables of the etfects of, 
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Hexagon heads and nuts for bolts, pro- 
portional sizes and weights of. 

Hick’s rule for calculating the strength 
of shafts. 

Hodgkinson’s (Eaton) experiments. 

Hungerford Bridge. 

Hydraulics. 

Hydrodynamics. 

Hydrostatic press. 

Hydrostatics. 

Imperial standard measures of Great 
Britain; Iron. 

Indian Navy, ships of war, and other 
vessels. 

Institution of Civil Engineers, List of 
Members of the, corrected to March 
15, 1852. 

Iron balls, weight of cast; bars, angle 
and T, weight of; castings; experi- 
ments; hoop, weight of 10 lineal 
feet; lock gates; roofs; tubes for 
locomotive and marme boilers; 
weights of rolled iron. 

Ironmonger’s prices. 

Just’s analysis of Mr. Dixon Robigson’s 
linestone. 

Latitudes and longitudes of the principal 

* observatories. 

J.ead pipes, Table of the weights of. 

Leslie (J.), C.E. 

ime, mortar, cements, concrete, &c. 

Limestone, analysis of. 

Liquids im motion. 

Locomotive engines; Table showing 
the speed of an engine. 

Log for a sea-going steamer, form of. 

Machines and tools, prices of. 

Mahogany, experiments made on the 
strength of Honduras. [ wheels. 

Mallet’s experiments on _ overshot 

Marine boilers ; engines. 

Masonry and stone-work. 

Massachusets railroads. 

Mensuration, epitome of. 

Metals, lineal expansion of. 

Morin’s (Col.) experiments. 

Motion; motion of water in rivers. 

Nails, weight and length. 

Navies — of the United States; Indiana 
Navy; Oriental and Peninsular Com- 

, pany; British Navy; of Austria; 
Denmark; Naples; Spain; France; 
Germanic Confederation; Holland; 
Portugal; Prussia; Sardinia; Swe- 


of 


den and Norway; Turkey; Russia 
Royal West India Mail Company’s 
fleet. 

New York, State of, railroads. 

Numbers, Table of the fourth and fifth 
power of. 

Paddle-wheel steamers. 

Pambour (Count de) and Mr. Parkes’ 
experiments on boilers for the pro- 
duction of steam. 

Peacocke’s (R. A.) hydraulic experi- 
ments. 

Pile-driving. 

Pitch of wheels. Table to find the dia- 
meter of a wheel for a given pitch of 
teeth. 

Plastering. 

Playfair (Dr. Lyon). 

Preserved timber. 

Prices for railways, paid by H. M. 
Office of Works ; smith and founder’s 
work. 

Prony’s experiments. 

Proportions of steam engines and boil- 
ers. 

Pumping engines; pumping water by 
steam power. 

Rails, chairs, &c., Table of. 

Railway, American, statistics; railway 
and building contractor’s prices ; car- 
riages. 

Rain, Tables of. 

Rammell’s (T. W.) plan and estimate 
for a distributing apparatus by fixed 
pipes and hydrants. 

Rennie’s (Mr. Geo.) experiments ; (the 
late J.) estimate. 

Roads, experiments upon carriages tra- 
velling on ordinary roads; influence 
of the diameter of the wheels; 
Morin’s experiments on the traction 
of carriages, and the destructive ef. 
fects which they produce upon roads. 

Robinson (Dixon), his experiments and 
material. 

Roofs ; covering of roofs. 

Ropes, Morin’s recent experiments on 
the stiffness of ropes; tarred ropes; 
dry white ropes. 

Saw-mill. 

Screw steamers. 

Sewage manures. 

oe castings for: their estimates, 

Ce. 
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Signs and abbreviations used in arith- 
metic and mathematical expressions. 

Slating. 

Sleepers, quantity in cubic feet, &c. 

Smeaton's experiments on wind-mills. 

Smith and founder’s prices. 

Specific gravity, Table of. 

Steam dredging; Navigation; Tables 
of the elastic force ; Table of Vessels 
of war, of America; of England ; of 
India; and of several other maritime 
nations. 

Steel, weight of round stecl. 

Stone, per tb., stone, gr., cwt., and ton, 
&c., Table of the price. 

Stones. 

Strength of columns; Materials of con- 
struction, 

Sugar-mill. 

Suspension aqueduct over the Alleghany 
River; Bradges over ditto. 

Table of experiments with H. M. screw 
steam tender Dwarr; of gradients; 
iron roofs; latent heats; paddle- 
wheel steamers of H. M. Service and 
Post-Office Service; pressure of the 
wind moving at given velocities; 
prices of galvanized tinned iron 
tube; specific heats; the cohesive 
power of bodies ; columns, posts, &c., 
of timber and iron; the comparative 
strength, size, weight, and price of 
iron-wire rope (A. Smith’s), hempen 
rope, and iron chain; corresponding 
velocities with heads of water as 
high as 50 ft., in feet and decimals; 
dimensions of the principal parts of 
marine engines; effects of heat on 
different metals; elastic force of 
steam; expansion and density of 
water; expansion of solids by in- 
creasing the temperature; expan- 
sion of water by heat; heights cor- 
responding to ditferent velocities, in 
French metres; lineal expansion of 
metals; motion of water, and quan- 
tities discharged by pipes of dif- 
ferent diameters; power of metals, 
&c.; pressure, &c., of wind-mill sails; 
principal dimensions of 28 merchant 
steamers with screw propellers; of 
steamers with paddle-wheels; pro- 

* », dilatatina of metala hv heat 


discharge through thin-lipped ori- 
fices; quantities of water, in cubic 
feet, discharged over a weir per 
minute, hour, &c.; relative weight 
and strength of ropes and chains; 
results of experiments on the friction 
of unctuous surfaces; scantlings of 
posts of oak; size and weight of iron 
laths; weight in ths. required to crush 
1k-inch cubes of stone, and other 
bodies; weight of a lineal foot of 
cast-iron pipes, in tbs.; weight of a 
lineal foot of flat bar iron, in {bs.; 
weight of a lineal foot of square and 
round bar iron; weight of a super- 
ficial fuot of various metals, in tbs. ; 
weight of modules of elasticity of 
various metals ; velocities of paddle- 
wheels of different diameters, in feet 
per minute, and British statute miles, 
per hour; the dimensions, cost, and 
price per cubic yard, of ten of the 
pmncipal bridges or viaducts huilt 
for railways; the height of the boil- 
ing’ point at different heights ;—to 
find the diameter of a wheel for a 
given pitch of teeth, &c. 

Tables of squares, cubes, square and* 
cube roots. 

Tecth of wheels, 

Temperature, the relative indications of, 
by different thermometers. 

Thermometers, Table of comparison of 
different. 

Timber for carpentry and joinéry pur- 
poses; Table of the properties of 
different kinds of. 

Tin plates, Table of the weight of. 

Tools and machines, prices of. 

Traction, Morin’s experiments on. 

Tredgold’s Rules for Hydraulics, from 
Eytelwein’s Equation. 

Turbines, Report on, by Joseph Glynn 
and others. 

Values of different materials. 

Water-wheels. 

Watson’s (H. 31.) analysis of limestone 
from the quarries at Chatburn. 

Weight of angle and T iron bars; of 
woods. 

Weights and measures. 

West India Royal Mail Company. 


Whitelaw’s exnerimentea on tnrhina 
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White's (Mr., of Cowes) experiments 


gon Honduras mahogany. 


icksteed’s (Thos.) experiments on 
the evaporating power of different 


kinds of coal. 


Wind-mills; of air, air in motion, &c. 

Woods. 

Wrought iron, prices of. 

Zinc as a material for use in house~ 
building. 


In one Volume 8vo, extra cloth, bound, price 9s. 


THE STUDENT'S 


GUIDE TO THE PRACTICE 


OF DESIGNING, MEASURING, AND VALUING 
ARTIFICERS’ WORKS; 


Containing Directions for taking Dimensions, abstracting the same, 
and bringing the Quantities into Bill; with Tables of Constants, 
and copious memoranda for the Valuation of Labour and Materials 
in the respective trades of Bricklayer and Slater, Carpenter and 
Joiner, Sawyer, Stonemason, Plasterer, Smith and Ironmonger, 
Plumber, Painter and Glazier, Paper-hanger. Thirty-eight plates 


and wood-cuts. 


The Measuring, &c., edited by Epwarp Dorson, Architect and 


Surveyor. 


Second Edition, with the additions on Design by 
E. Lacy GarsBett, Architect. 


* CONTENTS. 


PRELIMINARY OBSERVATIONS ON DeE- 
SIGNING ARTIFICERS’ WoRKS. 
Preliminary Observations on Mea- 
surement, Valuation, &c.— On mea- 
suring —On rotation therein— On 
abstracting quantitices—On valuation 
—QOn the use of constants of labour. 


BRICKLAYER AND SLATER. 


Design or Brickwork — technical 
terms, &c. 

Foundations — Arches, inverted 
and erect— Window and other aper- 
ture heads— Window jambs—Plates 
and internal cornices — String- 
courses — External cornices—Chim- 
ney shafts—On general improvement 
of brick architecture, especially fe- 
nestration. 

MEASUREMENT. 

Of diggers’ work — Of brickwork, 
of facings, &c. 

‘Dzsien oF TILING, and technical terms. 

Measurement of Tiling —Example 
ofthe mode of keeping the measuring- 


AxsstractinG Bricklayers’ and Tilers’ 
work. 

Example of bill of Bricklayers’ and 
Tilers’ work. 

VaLuaTion of Bricklayers’ work, 
Earthwork, Concrete, &c. 

Table of sizes and weights of vari- 
ous articles—Tables of the numbers 
of bricks or tiles in various works— 
Valuation of Diggers’and Brichlayers’ 
labour—Table of Constants for said 
labour. 

EXAMPLES OF VALUING. 

1. A yard of concrete.——2. A rod 
of brickwork.—3. A foot of facing.— 
4. A yard of paving.—5. A square of 
tiling. 

Design, MEASUREMENT, AND VALU. 
ATION OF SLATING. 


CARPENTER AND JOINER. 


DesigN or CARPENTRY — technical 
terms, &c. 

Brestsummers, an abuse: substi- 

tutes for them — Joists, trimmers, 
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and right use—Substitutes for girders 
and quarter-partitions—Quarter-par- 
titions —Roof-framing —Great waste 
in present common modes of roof- 
framing — To determine the right 
mode of subdividing the weight, and 
the right numbers of bearers for 
leaded roofs—The same for other 
roofs—Principle of the truss—Con- 
siderations that determine its right 
pitch — Internal filling or tracery of 
trusses—Collar-beam trusses—Con- 
nection ef the parts of trusses—Vari- 
ations on the truss; right limits 
thereto—To avoid fallacious trussing 
and roof-framing — Delorme's roof- 
ing; its economy on circular plans— 
Useful property of regular polygonal 
plans — On combinaticns of roofing, 
hips, and valleys — On gutters, their 
use and abuse—Mansarde or curb- 
roofs. 

DesieGn or Jorneny—technical terms, 
&ce. 

Modes of finishing and decorating 
panel-work—Design of doors. 

Measurement of Carpenters’ and 
Joimers’ work—Abbreviations. 

Modes of measuring Carpenters’ 
work—Classification of labour when 
measured with the timber—Classifi- 
cation of labour and nails when mea- 
sured separately from the timber. 

EXAMPLES OF MEASUREMENT, arch 
centerings. 

Bracketing to sham entablatures, 
gutters, sound - boarding, chimney- 
grounds, sham plinths, sham pilas- 
ters, floor-boarding, mouldings — 
Doorcases, doors, doorway linings-— 
Dado or surbase, its best construc- 


tion — Sashes and sash-frames (ex- 


amples of measurement)—Shutters, 
boxings, and other window fittings 
— Staircases and their fittings. 
Asstractina Carpenters’ and Joiners’ 
work. 
Example of Bill of Carpenters’ and 
Joiners’ work. 
Vaxuation of Carpenters’ and Joiners’ 
work, Memoranda. 
Tables of numbers and weights. 
Tastes or Constants or Lasour. 
Roofs, naked floors—Quarter-par- 


titions-——Labour on fir, per foot cube 
—Example of the valuation of deal 
or battens — Constants of labour on 
deals, per foot superficial. 

Constants or Lasour, and of nails, 
separately. 

On battening, weather boarding— 
Rough boarding, deal floors, batten 
floors. 

Lasour anv Naizs together. 

On grounds, skirtings, gutters, 
doorway-linings—Doors, framed par- 
titions, mouldings— W indow-fittings 
— Shutters, sashes and frames, stair. 
cases—Staircase fittings, wall-strings 
— Dados, sham columns and pilasters, 

VALUATION OF SAWYERS’ WORK. 


MASO N, 


DESIGN OF STONEMASONS’ WORK. 
Dr. Robison on Greek and Gothic 
Architecture — Great fallacy in the 
Gothic ornamentation, which led also 
to the modern ‘monkey styles’ — 
‘ Restoration’ and Preservation. 
MEASUREMENT Of Stonemason’s work. 
Example of measuring a spandril 
step, three methods—Allowance for 
labour not seen in fimshed stone — 
Abbreviations — Specimen of the 
measuring-Look — Stairs — Landings 
—Steps—Coping— String-courses— 
Plinths, window-sills, curbs —Co- 
lumns, entablatures, blochings — 
Cornices, renaissance niches. 
ABSTRACTING AND VALUATION. 
Table of weight of stone — Table 
of Constants of Labour —~ Example 
of Bul of Masons’ work. 


PLASTERER. 


Design oF PLaster-work in real 
and mock Architecture. 

Ceilings and their uses — Unne- 
cessary disease and death traced to 
their misconstruction — Sanitary re- 
quirements for a nght ceiling—Con- 
ditions to be observed to render do- 
mestic ceilings innoxious—Ditto, for 
ceilings of public buildings — Bar- 
barous shifts necessitated by wrong 
ceiling — Technical terms in Plas- 
terers’ work. 

Measunement of Plaster-work, 





NEW LIST OF WORKS. 21 


DESIGNING, MEASURING, AND VALUING ARTIFICERS WORKS. 
3 


Abbreviations — Abstracting of 


Plasterers’ work — Example of Bill 
of Plasterers’ work. 
ALUATION. 

Memoranda of quantities of ma- 
terials — Constants of Labour. 


SMITH AND FOUNDER. 


~ THE Use oF METAL-woRK IN 
ARCHITECTURE. 

Iron not rightly to be used much 
more now than in the middle ages— 
Substitutes for the present extrava- 
gant use of iron—Fire-proof (and 
sanitary) ceiling and flooring—Fire- 
proof roof-framing in brick and iron 
— Another method, applicable to 
hipped roofs — A mode of untrussed 
roof-framing in iron only — A prin- 
ciple for iron trussed roofing on any 
plan or scale — Another variation 
thereof — On the decoration of me- 
tallic architecture. 


MEASUREMENT Of Smiths’ and Foun- 
ders’ work. 


PLUMBER, PAINTER, 
GLAZIER, &c. 


Desien, &c. or LEAD-WORK. 
MEASUREMENT OF PAINT-WORK — 
Abbreviations. 

Specimen of the measuring-book 
—Abstract of Paint-work—Example 
of Bill of Paint-work. 

VaxvuaTion of Paint-work. 

Constants of Labour *— Measure- 
ment and Valuation of GLazingc— 
Measurement and Valuation of 
PAPER-HANGING. 


APPENDIX ON WARMING. 


Modifications of sanitary construction 
to suit the English open fire — 
More economic modes of warming in 
public buildings— Ditto, for private 
ones— Warming by gas. 


In 12mo., price 5s. bound and lettered, 


THE OPERATIVE 


MECHANIC'S 


WORKSHOP 


COMPANION, AND THE SCIENTIFIC 
GENTLEMAN’S PRACTICAL ASSISTANT; 


‘omprising a great variety of the most useful Rules in Mechanical 
Science, divested of mathematical complexity; with numerous 
Tables of Practical Data and Calculated Results, for facilitating 
Mechanical and Commercial Transactions. 


BY W. TEMPLETON, 
AUTHOR OF SEVERAL SCIENTIFIC WORKS. 


‘hird edition, with the addition of Mechanical Tables for the use 
f Operative Smiths, Millwrights, and Engineers; and practical 
irections for the Smelting of Metallic Ores. 





2 vols. 4to, price £ 2. 16s., 


CARPENTRY AND JOINERY; 


ontaining 190 Plates; a work suitable to Carpenters and Builders, 


comprising Elementary and Practical Carpentry, useful to Artificers 
in the Colonies, 
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THE AIDE-MEMOIRE TO THE MILITARY 
SCIENCES, | 


Framed from Contributions of Officers of the different Services, and 
edited by a Committee of the Corps of Royal Engineers. The 


work is now completed. 
Sold in 3 vols. £ 4.10s., extra cloth boards and lettered, or in 6 Parts, as follows: 
@. 8 


. & 4 

Part I. A. to D., NEW EDITION é ; » O14 ; 
- O16 O 
‘ 0 
0 

0 


Il. D.toF. é F ‘ ‘ - O16 
Il. F. to M. : : ‘ 
IV. M.toP. . : ‘ 0 4 


0 16 
1 0 


e e e @ ® 


V. P. to R. F ‘ ; ‘ 
VI. R. to Z. P ‘ ‘ : 





In 1 large Volume, with numerous Tables, Engravings, and Cuts, 


A TEXT BOOK 


For Agents, Estate Agents, Stewards, and Private Gentlemen, 
generally, in connection with Valuing, Surveying, Building, 
Letting and Leasing, Setting out, disposing, and particularly 
describing all kinds of Property, whether it be Land or Personal 
Property. Useful to 


Auctioneers Assurance Companies Landed Proprictoryy 
Appraisers Builders Stewards 
Agriculturists Civil Engineers Surveyors 
Architects Estate Agents Valuers, &c. 


> 


In 1 vol. large 8vo, with 13 Plates, price One Guinea, in half-morocco binding, 


MATHEMATICS FOR PRACTICAL MEN; 


Being a Common-Place Book of PURE AND MIXED MATHE. 
MATICS; together with the Elementary Principles of Engineering; 
designed chiefly for the use of Civil Engineers, Architects, and 
Surveyors. 


BY OLINTHUS GREGORY, LL.D., F.R.A.S. 
Third Edition, revised and enlarged by HENRY LAW, Civil Engineer. 


CONTENTS. 
PART I.—PURE MATHEMATICS. 


CHAPTER 1.-—ARITHMETIC., Srcr. 
Szcr. 5. Division of whole neambers, — 


1. Definitions and notation. Proof of the first four rules of, 
2. Addition of whole numbers. Arithmetic, 

8. Subtraction of whole numbers. 6. Vulgar fractions. — Reduction of 
4. Multiplication of whole numbers, vulgar fractions.—Addition and 
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subtraction of vulgar fractions. 
— Multiplication and division 
of vulgar fractions. 

Decimal fractions. — Reduction of 
decimals. — Addition and sub- 
traction of decimals.—M ultipli- 
cation and division of decimals. 

Complex fractions used in the arts 
and commerce. — Reduction. — 
Addition. — Subtraction and 
multiplication. — Division. — 
Duodecimals. 

Powers and roots.—Evolution. 

Proportion.—Rule of Three.—De- 
termination of ratios. 

Logarithmic anthmetic.— Use of 
the Tables.—-Multiplication and 
division by logarithms. — Pro- 
portion, or the Rule of Three, 
by logarithms. — Evolution and 
involution by logarithms. 

Properties of numbers. 


CHAPTER II.—ALGEBRA. 

, Definitions and notation.—2. Ad- 
dition and subtraction.—3. Mul- 
tiplication.—4. Division.—5. In- 
volution. — 6. Evolution. — 7. 
Surds. — Reduction.— Addition, 
subtraction, and multiplication. 
— Division, involution, and evo- 
lution.—8. Simple equations.—- 
Extermination. — Solution of 
general problems.—9. Quadratic 
equations. — 10. Equations in 
general, —- 1]. Progression. — 
Arithmetical progression.—Geo- 
metrical progression.—12. Frac- 
tional and negative exponents.— 
13. Logarithms.—14. Computa- 
tion of formule. 


CHAPTER III.—-GEOMETRY. 
Definitions. — 2. Of angles, and 
right lines, and their rectangles. 


Scr. 


—3. Of triangles. — 4. Of qua- 
drilaterals and polygons.—5. Of 
the circle, and inscribed and cir- 
cumscribed figures.—6. Of plans 
and solids. — 7. Practical geo- 
metry. 


CHAPTER I1V.—MENSURATION. 


1. Weights and measures.—1. Mea- 


sures of length.— 2. Measures 
of surface.—3. Measures of 80- 
lidity and capacity.—4. Mea- 
sures of weight.—5. Angular 
measure. — 6. Measure of time. 
— Comparison of English and 
French weights and measures. 


2. Mensuration of superficies. 
3. Mensuration of solids. 


CHAPTER V.——TRIGONOMETRY. 


1. Definitions and  trigonometrical 


formule. — 2. Trigonometrical 
Tables. — 3. General proposi- 
tions.—4. Solution of the cases 
of plane triangles. — Right-an- 
gled plane triangles.—5. On the 
application of trigonometry to 
measuring heights and distances. 
—Determination of heights and 
distances by approximate me. 
chanical methods. 


CHAPTER VI.—CONIC SECTIONS. 
1. Definitions.—2. Properties of the 


ellipse.—3. Properties of the hy- 
perbola. — 4. Properties of the 
parabola. 


CHAPTER VII.~~PROPERTIES OF 


CURVES. 


1. Definitions.— 2. The conchoid.— 


3. The cissoid.—4. The cycloid 
and epicycloid.—5. The quadra- 
trix.—~ 6. The catenary. — Rela- 
tions of Catenarian Curves. 


PART IL.—MIXED MATHEMATICS. 


\PTER I.—- MECHANICS IN GENERAL. 


CHAPTER II.—8TATICS, 
Statical equilibrium. 
Centre of gravity. 
General application of the princi- 


Pan dm bh anntiiheianm 


of structures.— Equilibrium of 
piers or abutinents. — Pressure 
of earth against walls.—-Thick- 
ness of walls. ~~ Equilibrium of 
polygons. —Stability of arches. 
— Equilibrium of suspension 


hridgea. 
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Ssctr. 
CHAPTER III.—DYNAMICS. 


1. General Definitions. 

2. On the general laws of uniform 
and variable motion. — Motion 
uniformly accelerated.—Motion 
of bodies under the action of 
gravity.— Motion over a fixed 
pulley, and on inclined planes. 

3. Motions about a fixed centre, or 
axis.—Centres of oscillation and 
percussion. — Simple and com- 
pound pendulums.— Centre of 
gyration, and the principles of 
rotation.— Central forces. 

4. Percussion or collision of bodies 
in motion. 

5. Mechanical powers. — Levers. — 
Wheel & axle. — Pulley. — In- 
clined plane. — Wedge and screw. 


CHAPTER IV.—HYDROSTATICS. 

1. General Definitions.—2. Pressure 

and equilibrium of Non-elastic 

Fluids. —-3. Floating Bodies.— 

4. Specific gravities. — 5. On 
capillary attraction. 


CHAPTER V.—HYDRODYNAMICS. 

1. Motion and effluence of liquids. 

2. Motion of water in conduit pipes 
and open canals, over weirs, 
&c.——Velocities of rivers. 

3. Contrivances to measure the velo- 
city of running waters. 


CHAPTER VI.—PNEUMATICS. 
1. Weight and equilibrium of air and 
elastic fluids. 
2. Machines for raising water by 
the pressure of the atmosphere. 
3. Force of the wind. 


Secr. 
CHAPTER VIIL.-—-MECHANICAL AGE! 


1. Water as a mechanical agent. 

2. Air as a mechanical agent.— C 
lomb’s experiments. 

3. Mechanical agents depending u 
heat. The Steam Engine 
Table of Pressure and Temp: 
ture of Steam. — General 
scription of the mode of ac 
of the steam engine. — Th 
of the same. — Descriptio: 
various engines, and formul: 
calculating their power: pr 
cal application. 

4. Animal strength as a mechar 
agent. 


CHAPTER VIII.—-STRENGTH OF 
MATERIALS. 

1. Results of experiments, and 
ciples upon which they sh 
be practically applied. 

2. Strength of materials to m 
tensile and crushing strain 
Strength of columns. 

3. Elasticity and elongation of b 
subjected to a crushing or 
sile strain. 

4. On the strength of materials 
jected to a transverse strait 
Longitudinal form of bean 
uniform strength. — Transv 
strength of other materials t 
cast iron. — The strength 
beams according to the ma 
in which the load is distribu 

5. Elasticity of bodies subjected 
transverse strain. 

6. Strength of materials to r 
torsion. 


APPENDIX. 


I. Table of Logarithmic Differences. 


II. Table ef Logarithms of Numbers, from 1 to 100. 

11. Table of Loganthms of Numbers, from 100 to 10,000, 

IV. Table of Logarithmic Sines, Tangenta, Secants, &c. 

V. Table of Useful Factors, extending to several places of Decimals, 
VI. Table of various Useful Numbers, with their Logarithms. 
VII. Table of Diameters, Areas, and Cireumferences of Circles, &c. 
VIII, Table of Relations of the Arc, Abscissa, Ordinate and Subnormal, in the Catenary. 

1X. Tables of the rig aie and Vibrations of Pendulums. 


X. Tabie of Specific Gravities. 


XI. Table of Weight of Materials frequently employed in Construction. 


X11. Principles of Chronometers. 
XIII. Select Mechanical Expedients. 


XIV. Observations on the Effect of Old London Bridge on the Tides, &c. 
XV. Professor Farish on Isometrical Perspective. 


